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A theoretical approach for predicting the influence of interpar-
ticle interactions on concentration polarization and the ensuing
permeate flux decline during cross-flow membrane filtration of
charged solute particles is presented. The Ornstein—Zernike inte-
gral equation is solved using appropriate closures corresponding to
hard-spherical and long-range solute-solute interactions to predict
the radial distribution function of the solute particles in a concen-
trated solution (dispersion). Two properties of the solution,
namely the osmotic pressure and the diffusion coefficient, are
determined on the basis of the radial distribution function at
different solute concentrations. Incorporation of the concentration
dependence of these two properties in the concentration polariza-
tion model comprising the convective-diffusion equation and the
osmotic-pressure governed permeate flux equation leads to the
coupled prediction of the solute concentration profile and the local
permeate flux. The approach leads to a direct quantitative incor-
poration of solute-solute interactions in the framework of a stan-
dard theory of concentration polarization. The developed model is
used to study the effects of ionic strength and electrostatic poten-
tial on the variations of solute diffusivity and osmotic pressure.
Finally, the combined influence of these two properties on the
permeate flux decline behavior during cross-flow membrane filtra-
tion of charged solute particles is predicted. © 1999 Academic Press
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filtration; permeate flux decline; Ornstein—Zernike equation; os-
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1. INTRODUCTION

general formulation, often fails to provide a complete theoref
ical perspective of the flux decline behavior. This limitation is
apparent from the inability of the model to accurately anc
independently predict the permeate flux behavior for a wid
range of solutes. The shortcomings of the theory have ofte
been ascribed to the use of inappropriate expressions for tral
membrane permeate transport. Rather indiscriminate use of 1
thermodynamic (osmotic pressure model) and hydrodynam
(filtration theory) approaches to model the transmembrar
transport led to considerable confusion regarding the actu
mechanism of concentration polarization and flux decline du
ing the past two decades (1-4). However, it gradually becan
transparent that these two approaches might be equivale
particularly when modeling the concentration polarization phe
nomenon of solute particles in the absence of a cake lay
buildup (6). Recently, it was shown that the osmotic pressul
and filtration (hydrodynamic) approaches constitute equivalel
alternative descriptions of the concentration polarization phe
nomenon (5, 7). Despite these advancements, however, a pri
predictions of permeate flux based on solution and membra
properties still remain elusive.

The inability of the convective-diffusion model to predict
the permeate flux accurately may also be ascribed to tl
absence of any information regarding the physicochemic
interactions between the solute particles in the model fram
work. Two parameters in the convective-diffusion model
namely the osmotic pressure and the gradient (mutual) difft
sion coefficient, are generally supplied in the form of experi

Concentration polarization during cross-flow membrane fiental correlations or are used as adjustable parameters (2

tration and the ensuing permeate flux decline are generaly9). Embedded in these two macroscopic properties is ¢
modeled by coupling the convective-diffusion equation with aastounding amount of information regarding the physicochen
appropriate expression governing the permeate transport. T interactions between the solute particles in the polarize
coupled model for concentration polarization and flux declinayer and the solution structure engendered by such inters
may be regarded as the cornerstone of our theoretical underns. Use of experimental correlations for concentration de
standing of membrane filtration involving a diverse array gfendence of osmotic pressure or empirical values of diffusio
colloidal and macromolecular systems (1-5). coefficient does not provide a quantitative understanding ¢

The above macroscopic continuum model, even in its mdsese interparticle interactions. The paucity of a sound the

. o , , __retical link between these macroscopic properties and the i
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A comprehensive predictive theory of flux decline shoulghguin—Landau—Verwey—Overbeek (DLVO) potential (33, 34
relate the physicochemical interactions between the solute pareonsidered. Theoretical estimates of the osmotic pressu
ticles in the polarized layer to the osmotic pressure and teedimentation coefficient, and diffusion coefficient are ob
diffusion coefficient. The resulting estimates of diffusion cotained from the interparticle interactions, solution structure
efficient and osmotic pressure, when substituted in the flaxnd hydrodynamic interactions based on the virial equation
decline model, may render the macroscopic model capablestdite and the theory of batch sedimentation. Finally, the exte
quantifying the influence of interparticle interactions on penf concentration polarization and permeate flux decline i
meate flux decline. Incorporation of interparticle interactions jredicted by incorporating the concentration-dependent sol
models of flux decline has received considerable attention otih properties in the convective diffusion equation couplet
the recent years (10-18). The first quantitative incorporation@with the osmotic pressure governed permeate flux equatio
interparticle interactions to investigate permeate flux declirmhe theoretical approach is used to model the concentrati
behavior was motivated by experimental observations of thelarization behavior (in absence of cake formation) durin
effect of particle charge, solution pH, and ionic strength on thgoss-flow membrane filtration of solute particles. A unique
permeate flux (10-13). Bowen and Jenner (14) have compfeature of the present approach is the establishment of a dire
hensively reviewed most of these earlier investigations. Moggiantitative link between the interparticle interactions and th
recent studies on the influence of solute-solute interactionérmeate flux decline behavior without assuming a structure
(14-18) are generally based on cell models (19, 20). Most &dlution in the polarized layer.
these studies assume a fixed structure for the concentration
polarization layer while computing the interactions. Such a
priori assumption of the solution structure may be reasonably 2. THEORETICAL BACKGROUND
accurate for systems where a cake layer has formed, but is
inadequate for a disordered liquid-like system (21), typically In this section, we present the general theoretical outline fc
represented by a concentration polarization layer. incorporation of interparticle interactions in a steady-stat

The above limitation of the cell models may be overcome hyodel of concentration polarization during cross-flow mem
employing rigorous statistical mechanical theories to relate theane filtration of charged solute particles. Typical solution:
interparticle interactions to the structure of the solution (di#ncountered in membrane filtration processes where conce
persion) (21-27). Contrary to the cell models that assumeration polarization is the primary cause of permeate flu:
fixed geometrical structure of the cake layer, the statistiodécline (for instance, nanofiltration and ultrafiltration) involve
mechanical approach allows the interparticle interactions &omacrosolute, which may be a small colloidal particle or
dictate the structure of the solution. This feature makes theacromolecule, a background electrolyte, and the solvent. T
approach amenable for studying the structure and thermodyatistical mechanical treatment adopted in the study assun
namic properties of concentrated disordered systems. the solution (dispersion) to be a pseudo-one-component s)

A substantial theoretical development has been made in teen, where the macromolecular or colloidal particles (mac
understanding of sedimentation and gradient diffusion usingsolutes) are considered as monodisperse spherical partic
statistical mechanical procedures (21-28). Noting that the distspended in a solvent continuum (35). Any microion in thi
persion microstructure evolves from the interparticle and hgystem arising from dissociation of the background electrolyt
drodynamic interactions in essentially the same manner durigalso considered to be a part of the continuum (35, 36). W
sedimentation and membrane filtration processes, the theoryisé the terms “particle,” “colloid,” and “solute” interchange-
batch sedimentation may be extended to predict permeate fity to indicate the particulate (macrosolute) species in tt
decline in membrane separation processes (25). However, $btution.
statistical mechanical theory of sedimentation is reasonably
accurate only for dilute monodisperse suspensions of hafq \jathematical Model of Concentration Polarization
spherical particles (21). Till date there have been very limited during Cross-flow Membrane Filtration
studies on the influence of long-range interparticle colloidal
interactions at higher solute particle concentrations based om typical cross-flow filtration process is shown schemati
this approach (27). cally in Fig. 1, which depicts the physical and geometrica

In this paper we apply the integral equation theory (29) fgonsiderations for the mathematical treatment adopted in th
determine the equilibrium structure of the solution (dispersioBgction. The steady-state differential solute material balance

from the interparticle interactions. The Ornstein—Zernike (O4he polarized layer during cross-flow membrane filtration i
integral equation (30) is solved using the Percus—Yevick (PWyitten as

(31) and the hypernetted chain (HNC) (32) closures for a

system of spherical particles to obtain the radial distribution

function for the particulate species. A one-component partic- an _ 9 ( an) an

: ——=--|D) | -V, 2.1
ulate system interacting through either hard-sphere or Der- Yax ay (n) ay v [2-1]
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y flux. Note that the permeate flux,, the membrane surface
X concentration of the solute particlag, and the osmotic pres-

CP Layer sure difference across the membrayié,, arelocal quantities

which vary with the axial position along the membrane char

nel. The osmotic reflection coefficient in Eq. [2.4] equals 1

for perfectly semipermeable membranes (solute rejectidr).

L y=0 In the above model, the diffusion coefficiebtin Eq. [2.1]

Membrane / and the osmotic pressure differenkH , in Eq. [2.4] reflect the

/.
l l ¢ ¢ * + + + + 4 hydrodynamic and thermodynamic properties of the solutior
Vy{X)
P

While the osmotic pressure is a purely thermodynamic entity
\ the diffusivity reflects the interplay between thermodynami

_‘O and hydrodynamic interactions. A closer inspection of osmoti
X= pressure and diffusivity in a microscopic scale provides

FIG. 1. Schematic representation of a cross-flow membrane filtratiatiearer perception of the influence of interparticle interaction
channel of lengtiL depicting a steady state concentration polarization (CRj the permeate flux decline behavior.
layer on the membrane surface. The axial (cross-flow) velacigries with
the transversey( direction) distance from the membrane surface. Within th . . . . .
confines of the polarized layer thickness, this velocity profile is assumed to%ez' RelatlonSh_Ip between .MaCI’OSCOpIC Solution Properties
linear. The thickness of the CP layer increases, while the local permeate fluxand Interparticle Interactions

v,, decreases, with the axiak direction) distance. The geometrical consider- 21. O ti Th fi b
ations depicted above are used to develop the mathematical model of CP ang' e s_mo IC pr?sswe- € .osmo Ic pressure.can € re-
permeate flux decline in Section 2.1. lated to the interparticle interactions and the solution structul

by the virial equation of state (29),

L >

with the boundary conditions given by

I1 kT 2 w?’()dEd [2.5]
=nkT— 5 wn r>g(r) ——dr, .
n=n, as y—o [2.2] 3 . dr
and wherer is the radial positionk is the Boltzmann constant, is
the absolute temperature, agdr) is the radial distribution
_ -D ‘Ln function, which represents the solution structure and evolve
v(ng, — ny) = D(ny)

Yl y—o from the pair interaction potenti&@(r). The radial distribution
at the membrane surfacg = 0). [2.3] (or pair correlation) function is generally obtained from the
interaction potential by a statistical mechanical method, lik
solution of the Ornstein—Zernike (OZ) integral equation (29
Here,n is the solute concentration (number density)s the  30) or Monte Carlo (MC) simulations (37). The osmotic pres
cross-flow velocity parallel to the membrane (aloxig and  syre can also be determined from the compressibility equati
D(n) is the concentration dependent mutual diffusion coeffif state (29), which is considered to be more general than tf
cient of the solute. The subscripts b, m, and p represent fjal equation of state. Both equations of state, howeve
bulk solution, the membrane surface, and the permeate, respguld ideally provide the same osmotic pressure when tt
tively. The solvent velocity normal to the membrane (algng underlying statistical mechanical theory for evaluation of th
direction) in the polarized layew, is considered equal to thepajr correlation function is exact. This criterion is often used t
permeate velocity through the membrang and is expressed getermine the accuracy of a statistical mechanical theory.
as In this paper, we use the integral equation method to obta
the radial distribution function of the solutes. The methoc
involves solution of the OZ integral equation for the solute
particles, written as (29)

AP - gAll,

Vy, = —V iR,

, [2.4]

whereAP is the applied pressure difference across the mem-

brane,All,, (=11, — II,) is the osmotic pressure difference h(r) =c(r) + n J h(r")c(r — r")dr’, [2.6]
across the membrane, is the osmotic reflection coefficient,

is the solvent viscosity, anR,, is the membrane resistance.

The osmotic pressure difference across the membrane, whictvieereh(r) = g(r) — 1 is the total correlation function and
a complex nonlinear function of the solute concentration, refr) is the direct correlation function. Equation [2.6] can be
lates the membrane surface concentration and the permeatiwed using appropriate closures, which relate the direct cc
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relation function to the interaction potentials between the sdflere, s is the nondimensional separation distancé j be-
ute particles (29). Use of different closures will be described tween the sphere centers. The pair correlation funajig(r)
Sections 3 and 4. Equation [2.6], being a convolution integrah Eq. [2.10] is given by the Boltzmann distribution for dilute
needs to be solved using Fourier transforms. For radiabyspensions,

symmetric interaction potentials considered in this study, the

solution of the OZ equation becomes facile since one-dimen- E(r)
sional Fourier transforms can be used to solve the three- Oss(T) exp(—) - [2.11]

kT
dimensional problem. The numerical technique for solving the

OZ integral equation employed in this study is briefly outlineg,o coefficientsA, andB; in Eq. [2.10] are obtained from the

in Appendix A. solution of Stokes’ equation for the solvent flow past twc

2.2.2. Gradient diffusion coefficientAn expression for interacting spheres_ The terms used in this case are (25)
the concentration dependence of diffusion coefficient can be

readily obtained from the theory of batch sedimentation. The 60

concentration dependence Dfcan be expressed by the gen- An=1- 16s%

eralized Stokes—Einstein diffusivity equation as (28)
A 3 1

dl¢Z(¢)] 2725 §?
D(¢) = D.K(9) — 44~ [2.7]

Bll = 1

whered is the solute volume fraction<{4r in/3 for spherical 3 1

solutes of radiug,), K(¢) is the sedimentation coefficient Bio= 4ot 53 [2.12]

(ratio of hindered to free settling velocities¥(¢$) is the
osmotic compressibility €11/nkT), and D.. is the Stokes—

S~ |t shoul hat Eq. [2.12 h i
Einstein diffusivity at infinite dilution EkT/6mury). It is - onould be noted that Eq. [2.12] represents the approxima

far-field forms of the coefficients for hydrodynamic interaction

appar.ep.t frc_)m Ea. [2.7]'that knowngge of the OSF“O“C COMsetween two equal spheres, and is, in principle, appropriate
pressibility is an essential prerequisite for theoretical evalufeh-e limit ¢ — 0

tion of the diffusion coefficient. The osmotic compressibility Substitution of Egs. [2.11] and [2.12] in Eq. [2.10] and

reflects the thermodynamic aspect of diffusion. The hydmdgi/aluation of the integrals yields an estimate cof which

namic gspect of the property IS embedded in the Sed'mentatfgﬂects the effects of the interparticle interactions as well as tt
coefficient. In the following, a brief summary of the theor

. . . - . drodynamic interactions on the sedimentation coefficien
relating the sedimentation coefficient to the intermolecular arcie of the Boltzmann distribution and the far-field form of the
hydrodynamic interactions is presented. _ ] hydrodynamic coefficients, coupled with the use of first-orde

2.2.3. Sedimentation coefficientThe sedimentation coef- ggries expansion in Eq. [2.9], renders the theory valid only fc
ficient is generally expressed as a function of the solute voluggyte colloidal dispersionsd{ — 0). Extension of this theory
fraction by (25) for higher solute volume fractions, wheseitself is treated as

a concentration (volume fraction)-dependent parameter, is di
K(p) = (21— )" [2.8] cussed in Section 3.2.
Equations [2.5] and [2.8] relate two macroscopic propertie
For dilute suspensions, the exponentan be obtained from a of a solution (osmotic compressibility and sedimentation co

first-order series expansion of the above expression, efficient) with the interparticle and hydrodynamic interactions
Combining these two relations, we can obtain the concentr
K(¢p) =1— adp + O(¢?), [2.9] tion dependence of diffusivity from Eq. [2.7]. The concentra

tion dependent diffusivity can be used in the convective dif

where the coefficient is expressed for a suspension of mondusion Eq. [2.1] to predict the extent of concentration
disperse spheres of radiusas (21, 25, 26) polarization and, consequently, the permeate flux decline. Tl
entire theoretical approach described above provides a gen

. . alized procedure for prediction of concentration polarizatiol

o = {5 +3 J [1-— g ]sds— f [A, + A and permeate flux decline for different types of solutes on th
) X basis of information regarding the interparticle and hydrody

namic interactions. We now describe the application of thi

general theoretical framework for different types of interactior

+2(Byy + By — 3(1 + 1/5)]gss52ds] . [2.10] potentials between the solute particles. In Sections 3 and
application of the statistical mechanical approach to evalua
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the osmotic pressure and diffusivity is described for soluteor hard-sphere systems, however, a more accurate express
particles interacting via hard-sphere and long-range interactifmm the osmotic compressibility is available. This exact eque
potentials, respectively. In Section 5, these predictions of dmn of state, known as the Carnahan-Starling equation,
lution properties are used to obtain the permeate flux decligezen by (38)
behavior during cross-flow membrane filtration.
1+o+¢2—¢°
3. SOLUTION PROPERTIES FOR HARD SPHERICAL 2 =—"—q=g7 [3.5]
SOLUTE PARTICLES

At the outset, it should be noted that hard-spherical syste Eguaﬂon [3.5] can also be obtained by mixing Egs. [3.3] an

SO . 4] with weights3 and$, respectively (29).
have been. stuQ|ed n great detail, and most of the resdai%s]_he comparison of the three equations of state for hart
presented in this section are well known. Therefore, the PO- . b N : I ilab
mary objective in this section is to provide a facile outline fopP e systems given by Egs. [3.3}-[3.5] is generally availa
in statistical mechanics texts (29). While Eq. [3.5] accuratel

the application of the theory, depicting how the different SO_redicts the osmotic compressibility of hard-sphere system

lution properties can be predicted from information regardi . . 4
the soFI)utg—squte intera(?tions using some weII—know?] equags' [3.3] and [3.4] slightly underpredict and overpredict ths

tions arising from statistical thermodynamics of hard-sphefe mpressibility, respectively, at high solute volume fraction:
molecules 9 y P f>ca. 0.35). At low solute volume fractions, however, the thre

expressions yield nearly identical results. Furthermore, tt
PY-compressibility expression [3.4] is remarkably close to th
Carnahan-Starling equation [3.5] even at high volume frac

As stated earlier, the first step toward the estimation tibns. Based on the above observations, the PY-compressibil
osmotic pressure is the determination of the radial distributi@yuation can, in principle, be used to predict the osmoti
functiong(r) for a given interaction potential. For hard spherpressure to a reasonably good approximation. In this stud
ical molecules, the interaction potential is written as however, we resort to the Carnahan—Starling equation of ste

[3.5] for hard-sphere systems, as it is known to be exact.

3.1. Osmotic Compressibility

EN=o (r=o)
3.2. Sedimentation Coefficient

=0 (r>a), (3.4 3.2.1. Existing techniques.Evaluation of the sedimenta-

. . . L tion coefficient follows the determination of the exponerih
whereo is the molecular diameter2r,). Using this interac- g4 12 g]. substitution of Eq. [3.1] in Eq. [2.11] and evaluation
tion potential in the Ornstein—Zernike (OZ) integral equatiogs the integrals in Eq. [2.10] leads to an estimate of thi

along with an appropriate closure yields the pair correlatiqf,.ameter for hard-sphere interactions. The procedure yield
function. value of 6.875 forae. A more precise value for the parameter,

For hard-sphere interactions, the OZ integral Eq. [2.6] C@55 \yas obtained by Batchelor (21). Using this second valt
be solved analytically along with the Percus—Yevick (PYgf the exponent in Eq. [2.8] we obtain

closure (31), written as

K(4) = (1- ¢)°% [3.6]
c(r) = exdy(r)] — y(r) — 1, [3.2]

B ) ) It is well known that the volume fraction dependence of the
wherey(r) = h(r) — c(r). The resulting expression fQ(r),  geqimentation coefficient given by Eq. [3.6] is remarkably
when substituted in the virial expression, Eq. [2.5], provideg.q rate for dilute monodisperse hard-spherical systems (:
the osmotic compressibility, which is related to the solutggy £ mpirical correlations for the volume fraction dependenc

volume fraction as (29) of sedimentation coefficient involving different values of the
exponent in Eq. [2.8] are also common (25, 40, 41).

I 1+2¢+3¢° A second expression for the sedimentation coefficient ¢

Z(¢) = nkT~ (1-4¢)2 - [3-3] hard spherical particles is obtained using the Happel cell mod
(19),
Using the compressibility equation of state, a second expres-
sion for the osmotic compressibility can be obtained (29), 1— 1.5+ 1.5¢5% — ¢?2
K(¢) = 1+ 0.667¢5/3 [3.7]
1+ ¢+ ¢?

Z(¢p) = TA- )7 [3.4]

The Happel cell model is considered to be accurate for mo
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1.0 v P p——— v T combined to provide the sedimentation behavior of hard-sphe
solutes over a wide concentration range.

\ N 3.2.2. Modified theory of sedimentationThe combination

\ Modified Approach of the two estimates of sedimentation coefficient is, howeve
0.8 1 \ -------- Batchelor, Eq. [3.6] ’ quite empirical, and poses problems regarding the selection

\ ............ Happe!, Eq. [3.7] ] an appropriate value @f where the transition from Eq. [3.6] to

Eq. [3.7] should be made. It should also be noted that Eg. [3.
is more appropriate for disordered liquid-like systems owing t
its use of arbitrary solution structure (21). In this respect, it i
worthwhile to explore the application of Eq. [2.8] to more
concentrated systems using the actual radial distribution fun
tion of a concentrated solution obtained from the OZ integre
equation (21-23, 27).

The expression for the parameterEq. [2.10], contains the
pair correlation functiorg(r), which is related to the solution
structure at a given concentration. In the dilute lingi€r) is
evaluated using the Boltzmann distributign(r), Eq. [2.11].
At higher solute concentrations, however, the OZ integre
equation described in Section 2 can be utilized to evaluate tl
pair correlation function based on pairwise summation of mar
body interactions. As the pair correlation function obtaine

¢ using this procedure depends on solute concentration, incory
ration of thisg(r) in the integrals in Eq. [2.10] renders the

FIG. 2. Variation of the sedimentation coefficient with solute volumdd@rameterx concentration dependent. The above modificatio
fraction for hard spherical particles obtained using different theoretical ajs applicable if the solution structure is solely determined b

proaches. The solid line is obtained using the modified technique describeqpin interparticle interactions, and the hydrodynamic interac
Section 3.2.2, the dashed line is obtained using a constant coefficiertt.55 tions do not disturb this structure (22, 42).

in Eq. [3.6], and the dotted line is obtained using Happel's cell model, Eq. . . L
[3.7]. The two curves corresponding @ = 4.65 and 5.4 represent the The fact that the hydrodynamic interactions do not signifi

empirical fits of Eq. [2.8] to the experimental sedimentation coefficient da@antly modify the solution structure in the concentration po
reported in (40, 41). larization (CP) layer during cross-flow filtration can be verifiec
from the local Peclet number attained in these processe

erate to high solute volume fractions (19, 20), and hence, @Fnotin_g the Io_cal shear rate @sthe Iocal_ Peclet number (Pe
[3.7] is expected to yield the correct asymptotic limit for the= 87 ¥r ;/KT) in the CP layer rarely attains value<.01 for
sedimentation coefficient at high solute volume fractions (ne#r< 2000 s* andr, = 10 nm. Since the Peclet number is
the close packing densities for hard-sphere molecules). ~ Substantially smaller than 1, the influence of hydrodynami
Figure 2 depicts the variation of the sedimentation coefffteractions on the solution structure can be safely ignore
cient with solute volume fraction obtained using Egs. [3.6]uring typical concentration polarization phenomena discuss
(dashed line) and [3.7] (dotted line). In dilute suspensions, Ef.this study.
[3.6] yields larger values of the sedimentation coefficient than An implementation of the modified approach for predictior
Happel's expression. Furthermore, Eq. [3.6] predicts a line@f sedimentation coefficient involves solution of the OZ inte-
variation of the sedimentation coefficient with solute volumgral equation with the PY closure for hard-spherical solutes t
fraction asp — 0. Happel's expression, Eq. [3.7], on the othevaluate the pair correlation function, followed by its substi
hand, predicts that the sedimentation coefficient depends totion in Eq. [2.10] to evaluate. The procedure yields differ-
¢ in this limit (20). This is a major argument in favor of Eq.ent values ofx at different solute volume fractions. The inte-
[3.6] in dilute systems, as most experimental observatioggals in Eq. [2.10] can be evaluated numerically over the radi:
depict a linear decay of the sedimentation coefficient witistances at which(r) is not 1 (thatis, over 2<r <r,) and
solute volume fraction in dilute colloidal dispersions (21, 25nalytically at larger distances (. < r < %) at whichg(r)
40, 41). At higher volume fractionsp(> 0.3), however, Eq. = 1. Herer,, is the maximum radial distance used in the
[3.7] predicts larger values of the sedimentation coefficientimerical solution of the OZ equation.
than Eqg. [3.6], and is closer to experimental observations (40,The resulting variation of the sedimentation coefficient fol
41). Assuming that Egs. [3.6] and [3.7] provide the correttard spherical particles obtained using the concentration d
asymptotic limits in dilute and concentrated solutions, respgeendentx in Eq. [2.8] is shown as the solid line in Fig. 2. Also
tively, Fig. 2 suggests that these two expressions may pletted in Fig. 2 are two empirical curves obtained using

0.6}

K(¢)

0.4

0.2
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4.65 and 5.4 in Eq. [2.8]. These empirical curves were obtained 2.8
from best fits of Eq. [2.8] to the experimental sedimentation
coefficients of silica sphereg {= 71 and 35 nm) (41) and .
polystyrene latex particles { = 1.55 um) (40), respectively. Modified Approach
It is evident that the estimate df(¢$) obtained using the 24F - Batchelor 7
modified approach is much closer to these curves than either
Eq. [3.6] or [3.7] at larger volume fractions (0 ¢ < 0.45).
The volume fraction dependence Kf(¢) predicted by the 2.0
modified approach appears to be in excellent agreement with
experimental observations over the entire range of volume~8
fraction (¢ < 0.45) for hard-spherical colloids (25, 40, 41).
Notably, earlier approaches for prediction of sedimentationé 1.6
coefficient resort to a single constant valuexdbd fit the entire
range of experimental observations (21, 22, 25, 39). In the
present approacls itself varies with concentration, generally 1.2
ranging between about 6.875 in dilute solutiogs— 0) to a
value of ca. 4.5 in concentrated solutions.

It is important to note that the modification of the pair

VD

correlation function in Eq. [2.10] merely attempts to substitute 0.8 '-.‘

a more accurate structure of the solution to improve the accu- N R ) . ) , .

racy ofa at a given solute concentration. Despite the use of the 0.0 0.1 0.2 0.3 0.4
more accuratg(r), Eq. [2.10] should still be strictly valid for

dilute systems as we have not incorporated the near field ¢

hydrodynamic interactions in the present approach. However,
it is indeed gratifying that a simple substitution of an accurateFIG. 3. Dependence of the gradient diffusion coefficient on solute volum
solution structure alone provides such a dramatic improvemé’ﬁ?tion for hard spherical particles obtained using different theoretical est
. . . - P P 1ates of the sedimentation coefficient based on the modified approach, E
in the sedilmentatlon coefficient predictions at high solute Vc{g.e], and Eq. [3.7] (Fig. 2) in Eq. [3.8].
ume fractions.
3.3. Gradient Diffusion Coefficient solute volume fractions. Indeed, such a deviation is consiste
Substitution of the osmotic compressibility and the sedime\r’lv—'t.h the fact that the underlying theory for sedimentation is
tation coefficient in Eq. [2.7] yields the volume fraction deyalld only for dilute systems.

ey The concentration dependence of diffusivity obtained usin

pendence of the diffusion coefficient. Based on Eq. [3.5] for ; . ) S .
Z(¢) of hard-spherical particles, the expression for the CO%[appel s expression, Eq. [3.7], in Eq. [3.8] is in sharp contra:

. e o that observed using Eg. [3.6]. While this expression resul
centration dependent diffusivity is . . L ; :
in quite unrealistic behavior at low volume fractions, the pre
) 5 . dictions indicate an increase in diffusivity with particle con-
(1+40+4¢°— 44"+ &%) 3.8] centration for higher volume fractions.
1-4¢)° ' ' The modified approach (solid line), on the other hand, pre
dicts a monotonic increase in the gradient diffusion coefficier
Figure 3 depicts the variation of the scaled gradient diffusiamith solute volume fraction. It is worth noting that the diffu-
coefficient O/D..) with particle volume fraction obtained us-sion coefficient evaluated using this approach is a significal
ing Eq. [3.6] witha = 6.55 (dashed line), Eqg. [3.7] (dottedimprovement over both existing approaches based on Batc
line), and the modified approach (solid line) for evaluatinglor's and Happel's models. While the approach conforms t
K(¢) in Eqg. [3.8]. The diffusivity for hard spheres obtainedhe dilute limit predictions of Batchelor’s expression, Eq. [3.6]
using Eqg. [3.6] first increases and then decreases with a furtitealso predicts a monotonic increase in the diffusivity up tc
increase in volume fraction. The increase in the gradient diduite high volume fractions. Further evidence for the validity
fusion coefficient with volume fraction has been experimemf the modified approach at higher volume fractions is pre
tally observed in the dilute limit (43, 44). However, the subsented in Section 4, where the predicted variations of th
sequent decrease at large volume fractions has not beffifusion coefficient are compared with experimental result
experimentally corroborated. Experimental observations gemvailable in the literature.
erally indicate a monotonic rise in the gradient diffusion coef- It should be noted that theoretical prediction of the concer
ficient with solute volume fraction. Consequently, the preditration dependence @ is a formidable task, as a small error
tions of diffusivity based on Eq. [3.6] are questionable for higim the evaluation oK(¢) can lead to a drastic alteration in the

D(¢) = D.K(¢)
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predicted values. Thus, while the modified approach providssreening lengthc *. These three parameters may be detet
more accurate results f&($), it should be treated carefully atmined independently. Theoretical estimates of the Hamak
higher solute particle concentrations. A limitation of the modzonstant may be obtained from the polarizability of the variou
ified theory of sedimentation presented here lies in the usespfecies (45, 46). The particle charge can be determined exp
far field expressions for the hydrodynamic interaction pararimentally by acid—base titration or can be estimated fror
eters given by Eq. [2.12]. At high volume fractions, theselectrokinetic potentials obtained from electrophoretic mobil
expressions should be appropriately modified to account for ity measurements (45). The Debye screening length of t
dominance of the near field hydrodynamic interactions (23, 28lectrostatic interactions for a symmetriz:£) background
in the integrals in Eq. [2.10]. In very dilute systems exhibitinglectrolyte can be determined from (25)
repulsive interactions, however, the consideration of far-field

hydrodynamic interactions should be adequate, as the distance ) oe KT 1/2
between the solute particles is considerably larger. K t= (2 > 103NA6222CE|_> ,

[4.2]

4. SOLUTION PROPERTIES FOR CHARGED . .
SOLUTE PARTICLES where N, is the Avogadro number an@g_ is the molar

concentration of the background electrolyte. The screenir

In this section, the concentration dependence of the osmd§@9th becomes smaller at high electrolyte concentrations, si
compressibility and the gradient diffusion coefficient are d&ifying that the electrostatic interactions become short range
termined for charged solute particles with long-range DLV Such situations.
interactions. The procedure for the evaluation of these proper- o ) )
ties is essentially similar to that employed for hard-spheric4l2- Determination of Solution Structure and Properties
molecules, except for the consideration of a more complex4.2.1. Osmotic compressibility.Using the interaction po-
form of colloidal interaction between the solute particles.  tential described by Eq. [4.1], the radial distribution functior

g(r) is determined by solving the OZ integral Eq. [2.6] along

4.1. Long-Range DLVO Interaction Potential with the hypernetted chain (HNC) closure (29, 32),
The interaction between two charged solute particles is
generally expressed by the DLVO potential, which comprises c(r) = exd —BE(r) + y(r)] — y(r) — 1, [4.3]

an attractive Lifshitz—van der Waals (VDW) and a repulsive

electrostatic double layer (EDL) interaction (45). The resultir\gherey(r) = h(r) — o(r) andB = 1/KT.
expression for two spherical particles of diameteseparated
by a dimensionless center to center distaR¢er/o), is given
by (35, 46)

Substitution of the radial distribution function and the inter-
action potential in Eq. [2.5] yields the osmotic compressibility
Z. The variation ofZ with the solute volume fraction for
different particle surface charges and electrolyte concentratio

All 1 is shown in Fig. 4. The calculations of the osmotic compress
E(r) = - 12 [Rz tRE-1 T 2 In(l B W” ibility were performed for the parameters shown in Table |
Increasing the charge and decreasing the electrolyte conce
> 4.1 tration substantially increases the osmotic compressibility fror
4mege, (1 + kol2) the hard-sphere compressibility. When the particle charge
small, the compressibility may be lower than the hard-sphel
whereA is the Hamaker constart, is the charge number onvalues at high electrolyte concentrations owing to the screeni
the solute particleg is the electronic charge, is the dielectric of the electrostatic repulsion and the predominance of the vz
permittivity of vacuum,e, is the dielectric constant of the der Waals attraction. This behavior is depicted in Fig. 4, wher
solvent, andk is the inverse Debye screening length. The firshe compressibility for a particle charge numbge —10 and
term in Eq. [4.1] represents the VDW component of the inteelectrolyte concentratio@g. = 0.1 M falls below the hard-
action, while the second term represents the screened Efihere compressibility.
interaction between the charged particles. It may be noted thaThe remarkable accuracy of the theoretical predictions |
the VDW interaction energy diverges at contaRt€ 1). To evident from Fig. 5, where the predictions are compared wit
prevent this divergence, a cut-off separation distance of 0.1&8perimental osmotic pressure data for aqueous saline BSA
nm was used in Eq. [4.1] (45). A hard-spherical repulsion was electrolyte (1:1) concentration of 0.15 M obtained by Vilkel
assumed at separation distances lower than this value. et al. (46). All the parameters used in the calculations wer

Three parameters in Eg. [4.1] completely characterize tkenilar to those reported in that study and are nearly identic
interparticle colloidal interactions, namely, the effective Hao those reported in Table I. The results indicate that the O
maker constar, the charge on the particlg, and the Debye integral equation approach can reliably predict the osmot

z;e? exgd—«k(r — o)]
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FIG. 4. Variation of the osmotic compressibility with volume fraction for FIG. 5. Comparison of the theoretical predictions of the osmotic com:
charged particles interacting through DLVO potential. The solid lines wergessibility of bovine serum albumin (BSA) obtained using the HNC integra
obtained for different combinations of particle chazgend molar electrolyte €quation theory with experimental observations of Villeral. (46). The
concentratiorCe,, respectively, represented by the numbers within parenthéeoretical calculations were performed assuming an equivalent spheric
ses accompanying each curve. Other conditions used in the calculations'afus of the particles to be 3.13 nm. The particle charge numbers-wzfet

given in Table I. The dashed curve was obtained for hard-sphere (HS) int8Rd —9.1, respectively, at pH 7.4 and 5.4. All other parameters used in tt
actions. calculations are same as in Table I.

pressure of macromolecular systems based on the DLVO {gimed using this procedure (solid lines). The sedimentatic
teraction potential. coefficient for hard-sphere solutes, obtained using Batchelor
4.2.2. Sedimentation coefficientThe sedimentation coef- expression is also shown as dashed lines in the figure. It
ficient of a dilute dispersion of solute particles can be detesvident that by increasing the mutual repulsion between tf
mined from Eq. [2.8] if the parameteris known. Substituting colloidal particles (by increasing the charge or lowering th
the DLVO potential [4.1] in Eq. [2.11] yields the Boltzmannelectrolyte concentration), the sedimentation coefficient can |
distribution functiong(r), which is then used in Eq. [2.10] to sypstantially decreased from the hard-sphere values. It is, ho
obtain «.. Figure 6 depicts the sedimentation coefficients olgver, worth noting that experimental observations of the sec
mentation coefficient for charged particles at higher solut

TABLE | volume fractions are much larger than those predicted by tt

solid lines and generally do not deviate significantly from the

Parameters Used for Prediction of the Solution Properties - i - C ’ 4 _
sedimentation coefficient of hard spherical particles (40). Thi

Solute radiusy, (nm) 3.0 leads us to believe that the estimatesKdfp) for charged
Charge number on particle, (-) —10 and—20 particles progressively deteriorate at higher solute concentt
Electrolyte (1:1) concentratiofe, (M) 0.1,0.05 and 0.01 yisns and for long-range interactions (for instance, at lov
Hamaker constan\ (J) 1.65X 10 . . . .

Solute volume fractiong(—) 0-04 electrolyte concentrations), which invalidate the use of Boltz
Minimum equilibrium cut-off distanced, (nm)* 0.158 mann distribution, Eq. [2.11]. Use of thi§(¢) to evaluate the
Solvent dielectric constang, (—) 78.54 diffusion coefficient results in unrealistic predictions at higk
TemperatureT (K) 298 solute concentrations. Happel's expressionkos), Eq. [3.7]

® The minimum equilibrium cut-off distance is employed to prevent th&douecl line), on the other hand, is known to be more appre

divergence of the attractive (VDW) component of the DLVO interactiorﬁ’ri‘?‘te at Iarggr SOl'UtF'-' concentrations. Using thes_e two F’be
energy at contact (45). vations, the dilute limit result foK(¢$) may be combined with
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1.0 o T —— volume fractions. The two pair correlation functions (solid anc
dashed lines) are quite identical at high solute concentratior
although they are obtained on the basis of different interactic
potentials and closure equations. This similarity becomes mo
obvious when we note that, at lower solute volume fractions
the pair correlation functions obtained using the two potential
are considerably different, as shown in Fig. 8b.

4.2.3. Gradient diffusion coefficient.The dependence of
the diffusivity on solute volume fraction can be obtained by
substituting the osmotic compressibility and the sedimentatic
coefficient in the generalized Stokes—Einstein Eq. [2.7]. Th
calculation of the diffusivity was performed numerically using
the sedimentation coefficient and the osmotic compressibilit
data. These numerical estimates of the diffusion coefficiel
were then correlated using a polynomial of the form

— DLVO interaction

D
[()qb) =1+ a0+ ap?+ap+apt+... , [44]
'0‘_0 0.1 0.2 ' 03 0.4 where the coefficients, were determined using a simple
¢ regression analysis of the numerical data.
Figure 9 shows the variation of the diffusion coefficient with

FIG. 6. Variation of the sedimentation coefficient with volume fractiond’ prediCted for different solute partide charge numbers an

obtained for different particle charges and electrolyte concentrations using

available theoretical approaches. The solid lines were obtained using fixed

values ofa evaluated from Eq. [2.10] using the DLVO interaction potential in 1.0
the Boltzmann distribution function, Eq. [2.11]. The dashed and dotted lines '
were obtained for hard-sphere particles using Eq. [3.6] and [3.7], respectively.

The DLVO interaction energy was calculated using the parameters listed in

Table I.

0.8

Happel's expression for higher solute concentrations, as sug-
gested in Section 3.2.

In this study, however, we circumvent this empirical method
by employing the pair correlation function obtained from the 06F
solution of the HNC integral equation in Eq. [2.10]. This
modified procedure yields the concentration dependence of
which, in turn, is used in Eq. [2.8] to predict the concentration X
dependence dk. The sedimentation coefficients predicted by
this procedure are depicted in Fig. 7. It is evident from the
figure that the sedimentation coefficient becomes independent [ (-10, 0.01 M)
of the particle charge and screening length at high solute 0.2
volume fractions. Under such conditions, the sedimentation )
coefficient of charged colloidal particles resembles the hard-
sphere sedimentation coefficient. The influence of long-range
colloidal interactions on the sedimentation coefficient is appar- 0.0 . 2 . 2 . !

(-20, 0.1 M)

(-20, 0.05 M)

(¢)

04F

ent only in dilute solutions. 0.0 0.1 0.2 0.3 04
The above behavior of the sedimentation coefficient is con-
sistent with the observation that a system of particles interact- ¢

ing through a screened Coulomb potential assumes a nearly

hard spherical structure at high solute volume fractions (3%)_FIG. 7. Varlatlc_)n of the se_d|mentat|0n coefficient with volume fra_lctlon for
Figure 8 shows the pair correlation functions obtained from t ifferent combinations of particle charge and electrolyte concentration (show
g P ri.Haparentheses) obtained using the modified technique for evaluation of sel

solution of the OZ integral equation for hard-spherical angentation coefficient employing thg(r) determined from the HNC integral
charged solute particles at high (Fig. 8a) and low (Fig. 8ljuation.
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FIG. 8. Comparison of the pair correlation functions for hard-sphere and charged particles at (a) high solute volume ¢raetida)(and (b) low solute
volume fraction ¢ = 0.05). The solid line was obtained using the HNC integral equation, while the dashed line was obtained using the PY integral eq
The solid line was obtained using the conditions in Table | for a particle chargel6fand an electrolyte concentration of 0.01 M.

electrolyte concentrations. While the solid lines represent thamber to be—20.4 (corresponding to pH 7.4) (46). These
predictions based on the modified approach, the dashed Ipredictions are in good agreement with the experimental da
was obtained using the theoretical approach of Batchelor (2dr ¢ < 0.1. However, since the BSA molecules are no
28) for hard-sphere particles. In dilute systems, the diffusi@pherical (46) (contrary to the theoretical assumption) and tt
coefficient increases almost linearly with solute volume fracise of Debye screening parameter is questionable at hi
tion for high charges and low electrolyte concentrations. Avarticle volume fractions (35), it is difficult to assess the
lower electrolyte concentrations, the riselri¢) is phenom- accuracy of the theoretical predictions based on DLVO intel
enal, often showing a five- to sevenfold increase comparedaction for ¢ > 0.1. Despite this, it is indeed significant that
the Stokes—Einstein diffusivity. The rise in diffusivity formost of the experimental points in Fig. 10 are closely bounde
charged solute particles at low electrolyte concentrations ishi the predictions of the modified approach (solid and dashe
qualitative agreement with the experimental results of Anddimes). In sharp contrast, the concentration dependence of d
sonet al. (43), who observed a linear rise in diffusivity of BSAfusivity obtained using the sedimentation coefficient expres
with volume fraction. These observations, however, were masien of Batchelor, Eq. [3.6] (dotted line), differs markedly from
for very low BSA concentrations and, therefore, do not lerithe experimental results. It is clearly evident that use of th
any insight to the behavior at higher volume fractions. Boltzmann distribution function to predid€(¢) leads to a
Experimental observations of the concentration dependergressly erroneous prediction of the diffusion coefficient at higl
of diffusivity were made over a wider concentration range ablute volume fractions.
high electrolyte concentrations by Phillies al. (44). These  Based on the above predictions, it becomes clear that va
experimental values for the diffusion coefficient of BSA arations of diffusivity with solute concentration and the physi-
compared with theoretical predictions based on the modifiedchemical properties of the solution cannot be ignored whe
approach in Fig. 10. The experimental observations were raedeling the concentration polarization during membrane fil
ported for a pH range of 7.2 to 7.6 and a background electrolytation, as this can seriously affect the prediction of the extel
concentration of 0.15 M NaCl. These conditions closely emof concentration polarization. In a typical concentration polar
lated a system of hard spherical particles with a short-rangation layer formed during cross-flow filtration of small col-
electrostatic repulsion. This is evident from the close corréidal particles or macromolecules, the solute particle concel
spondence between the theoretical predictions for the haration is expected to vary over the range considered in ol
spherical particles (dashed line) and the experimental data. Bhedy (volume fractions up tca. 0.4). Over this concentration
solid curve was obtained by assuming the equivalent sphericahge, the diffusion coefficient can vary significantly, thereb
radius of the particles to be 3.13 nm and the particle charghkering the diffusive transport term in the convective-diffusior
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equation. Such variations can reduce the extent of concentra- 3.0
tion polarization and, hence, result in higher permeate flux.

O Experimental (44)
DLVO, HNC

5. PREDICTION OF PERMEATE FLUX DURING
CROSS-FLOW MEMBRANE FILTRATION 2.5

5.1. Flux Predictions Using the Variable-Diffusivity
Concentration Polarization Model

Substitution of the gradient diffusion coefficient and the ¢ 2.0 :
osmotic compressibility in Egs. [2.1]-[2.4] and solving theseg
using an appropriate numerical technique provide a coupleda:
prediction of the extent of concentration polarization and per-a' 1.5
meate flux decline. The numerical technique for solving the i
steady state convective—diffusion Eq. [2.1] for variable (con-
centration-dependent) diffusivity is described in Appendix B.
In presenting the following results, the local permeate flux 1.0E
was scaled with respect to the pure solvent figx(=AP/
wR,). Typical variations of the scaled permeate flux with
dimensionless axial positiorx{L) in the filtration channel are :

PR S ErE EPSrEPErT DU AT IS T I I ST ST EAE BRI B Ny

0.5
0.00 0.05 0.10 0.15 0.20 0.25 0.30
8 —r—rpep—p—p————————r——r—r—r— ¢

FIG. 10. Comparison of the various predictions of the concentratior
dependence of diffusion coefficient with the experimental diffusivity of BSA
at a high electrolyte (1:1) concentration (0.15 M). The experimental data a
taken from Phillieset al. (44). The solid and the dashed lines were obtainec
using the modified approach for prediction of sedimentation coefficient base
on DLVO and hard-sphere interactions, respectively. The solid line wa
obtained using the radial distribution function determined from the HNC
closure for a particle charge number-620.4 and particle radius of 3.13 nm
(46). The dashed line was obtained using the PY closure for hard-sphe
interaction. The dotted line depicts the prediction for hard spherical particle
using Batchelor's approach (25).

shown in Fig. 11. While the solid and dashed lines depict th
scaled permeate flux for variable diffusivity, the dotted line
(lowermost curve) represents the corresponding predictiol
obtained using a constant Stokes—Einstein diffusion coefficie
in the model. The predictions for hard-spherical interaction

i 1 were obtained using the Carnahan—Starling equation for o

U TP S PP T motic pressure. The variation of diffusivity was obtained usin
0.0 0.1 0.2 0.3 0.4 Eqg. [3.6] and the modified method for evaluationkofe) in

Eq. [3.8]. While the lower dashed curve for hard-sphere inte

¢ actions was obtained using Eg. [3.6], the upper dashed cur

was obtained on the basis of the modified technique for eve

FIG. 9. Theoretical predictions of the variation of gradient diffusion ti fK Th lid 1i btained f .
coefficient with particle volume fraction. The solid lines were obtained usinﬂa ion of K(). € solid lines were obtained Tor various

the modified approach for evaluating the sedimentation coefficient. Whﬂ‘@mbi'_"ations_ of par?icle charge and elegtrolyte concentratio
curves 1-4 were obtained for different combinations of particle charge aas indicated in the figure. All other conditions (pressure, fee
ionic strength (using HNC closure), the solid line marked “HS” was obtaindgylk concentration, and cross-flow Ve|0city) were kept constal
for hard-sphere particles (using PY closure). The dashed line representsdlﬂﬁing the calculations

diffusion coefficient for hard spherical particles obtained using Batchelor’s Iti tf Fig. 11 that th ¢ del i b
approach (25). All parameters used in the calculations are shown in Table I. IS apparentirom Fig. at the present model Is capa

Curve 1,7, = —10,Cq = 0.1 M; curve 2z, = —20, Ce = 0.1 M; curve of predicting the local variations of the permeate flux in &
3,2, = —20,Cg = 0.05M; curve 4,z, = —10, Cg = 0.01 M. cross-flow filtration channel for a wide range of physicochem



CROSS-FLOW MEMBRANE FILTRATION

ical conditions. Both particle charge and electrolyte concentra-
tion, which are manifested as variations of diffusivity and
osmotic pressure, have a dramatic influence on the permeate
flux. At low electrolyte concentrations or for highly charged
particles, the permeate flux predicted by the variable-diffusiv-
ity model becomes significantly higher than the corresponding
predictions using the constant diffusivity model. This implies
that the constant diffusivity model of concentration polariza-
tion can significantly underpredict the permeate flux during

cross-flow membrane filtration of charged solute particles. >

S

—~
x

e
>

5.2. Dependence of Permeate Flux on lonic Strength and
Particle Charge

It was shown in Fig. 11 that the permeate flux decline
predicted by considering the concentration dependence of

o

1.0

0.9}
0.8}
0.7

0.6

e —————
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diffusivity is less severe than that observed using a constant I Variable D R D |
diffusivity in the concentration polarization model. Use of a 0.5 —— Constant D iy
constant diffusion coefficient in the convective—diffusion 4
C,=015M 1

0 4 [ IPURY SEET U N S G S Y PR Y PEEE IS Sy ]

1.0 A A A 0.0 0.2 04 0.6 0.8 1.0
' x/L
FIG. 12. Comparison of the predictions of the local variation of scaled

0.8

0.6

v, (X)Iv,

0.4

(-20, 0.05 M)

(-10, 0.1 M)

a8

(-20, 0.1 M)

permeate flux in a cross-flow filtration unit obtained using concentratiol
dependent diffusivity (solid lines) and constant diffusivity (dashed lines) in th
convective diffusion equation for different particle charges. The membran
permeability was 6.0< 10 ™ mPa* s . The channel length was 0.5 m. The
operating conditions were fixed AP = 250 kPa,y = 200 s, T = 298 K,

r, = 3 nm, and¢, = 0.001.

equation can, in fact, result in qualitatively incorrect pre-
dictions of the dependence of permeate flux on solutio
properties like electrolyte concentration and particle charg
This limitation of the constant diffusivity model is illus-

trated in Figs. 12 and 13, which depict the predictions o
permeate flux at different particle charge and backgrour

electrolyte concentration, respectively. In these figures, th
dashed lines were obtained using appropriate concentrati
0.4 0.6 dependencies of the osmotic pressure corresponding to ee
. : electrolyte concentration or particle charge, but using
x/L constant Stokes—Einstein diffusion coefficient. The solit
FIG. 11. Variation of the scaled permeate flux with scaled axial positioHne.S were obtained by ad.d't'o_nfi”y COhSIderlng the concer
in the filtration channel obtained using different estimates of the solutidhiation dependence of diffusivity. It is evident from the
properties. The solid lines were obtained using the DLVO interaction potenti@yures that the constant diffusivity model yields a qualita
for the particle charge and electrolyte (1:1) concentrations indicated in par?ﬁiely wrong prediction of the permeate flux decline behav
theses. The upper dashed line was obtained using the modified estimate of the . dicati that th te flux d ith i
sedimentation coefficient in Eq. [3.8] to predict the concentration depender!g » Indica !ng atthe permeate Tiux ecreases Wi mc_rea
of diffusivity for hard-sphere molecules. The lower dashed line was obtainddd repulsion between the solute particles. The variabl
using Eq. [3.6] in Eq. [3.8]. The dotted line was obtained using a constagiffusivity model, however, predicts an entirely opposite
Stokes-Einstein diffusivity in the convective diffusion equation. The operatingahavior indicating that an enhancement in interparticl
conditions for which the predictions were obtained Afe = 200 kPa,y = . . . .
100 s?, r, = 3 nm, and$, = 0.01. The length of the filtration channel WasreDuISIon (enge_ndered by Increasing the p_amCle Char_g
0.5 m. The pure water permeability of the membrapdi,{) * was 6.0x 10 number or lowering the electrolyte concentration) results i
m Pa’ s, Other solute properties are listed in Table I. a higher permeate flux.

0.2

0.2
0.0

7.0
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is much larger than the range of the interaction energy, tt
solution should behave somewhat like a hard-sphere syste
For smaller particles, however, the range of the interactio
energy will significantly influence the extent of osmotic pres:
sure buildup and the variation of diffusivity. For instance,
presence of long-range repulsion between the particles w
result in a rapid increase of diffusion coefficient and osmoti
pressure with particle concentration compared to hard-sphe
cal particles.

Typical predictions of the channel-averaged permeate flux |
a cross-flow filtration unit are depicted in Fig. 14 for different
particle size and electrolyte concentrations. The channel-ave
aged permeate flux was obtained from the local permeate fli

using

(v) = % J v, (X)dX, [5.1]

whereL represents the channel length. The solid lines wer

0.0 0.2 0.4 0.6 0.8 1.0 obtained considering the concentration dependence of the d

x/L

FIG. 13. Variation of the scaled permeate flux with scaled axial position 6.0
in the cross-flow filtration cell predicted using variable and constant diffusion
coefficient in the convective-diffusion equation. The predictions were obtained
for a fixed charge number, = —20 on the particles but for different
electrolyte concentrations as indicated in the figure. Operating conditions are 55
same as in Fig. 12. :

m/s)

5.3. Influence of Particle Size on the Permeate Flux Decline® 50

10

So far, we have considered a single particle size< 3 nm)
in all the calculations. In this section, the influence of particle =
size on the extent of concentration polarization and the ensuing=
permeate flux decline behavior is illustrated. When the particle_ 4.5
size increases, both the Stokes-Einstein diffusivity and the q
bulk osmotic pressure decrease. A decrease in the diffusion®)
coefficient should result in lower solute back transport, thereby L
leading to severe concentration polarization. The osmotic pres—g 4.0
sure of a solution, on the other hand, increases nonlinearly with<
solute concentration and diverges at very high concentrations,
implying that the permeate flux should be drastically lowered
at high membrane surface concentrations of the solute parti- 3.5
cles. The influence of particle size on the permeate flux decline
is manifested as a coupled effect of these two properties. The
combined influence of osmotic pressure and diffusion coeffi-

Variable D
........ Constant D

[l A 'l A [l A [ A ] P [ 2

2 3 4 5 6 7 8
Particle Radius (nm)

cient on the permeate flux decline becomes more complex|c. 14. variation of the average permeate flux with particle radius for
when the diffusion coefficient varies with solute concentrationard spherical (HS) and charged particles (at two different electrolyte conce

The effect of particle size becomes even more complicattions) obtained on the basis of variable diffusivity (solid lines) and constar
in presence of long-range colloidal interactions, in which Caggfusivity (dashed lines) concentration polarization models. The operatin

the range of the interaction relative to the particle size al

conditions areAP = 100kPa, ¥ = 600s™, T = 298 K, and¢, = 0.01.
e membrane permeability and the channel length were fixed at 6.0 **

plays. a s.ignificant role in governing t[he extent of Conce'mratif?ﬁba’l stand 0.5 m, respectively, in all the calculations. The particle charg
polarization and permeate flux decline. When the particle sigensity was fixed at-20 mC/nf in all the calculations.
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fusion coefficient in the convective-diffusion equation, while 14
the dashed lines were obtained for constant (Stokes—Einstein)
diffusivity. The concentration dependence of the osmotic pres-

sure and the diffusion coefficient were obtained for various 12 Variable D 7nm
particle radii (ranging from 1 to 7 nm) and a fixed particle —— Constant D

surface charge density| (= z,e/4mr}) of —20 mC/nf. D .

Figure 14 indicates that the average permeate flux obtaineds=
using a constant diffusivity in the convective diffusion equa- S
tion exhibits a maximum for particle size between 2 and 4 nm %,
The average permeate flux also depends on the range of the=
interaction energy, as shown by the lower permeate fluxes at>" 8}
lower electrolyte concentrations. The decrease in permeate flux=
with increasing particle size is a standard feature of the con-{i_
stant diffusivity model and is also observed using the tradi- q9 6}
tional film theory (13). Experimentally observed permeate flux O
for repulsive colloidal systems, however, generally increases =
with particle size (11, 13). The predictions based on variable
diffusivity (solid lines) are in qualitative agreement with these <
experimental trends. In this case, the permeate flux increases
with increasing particle size and decreasing ionic strengths.

10

These observations once again indicate that the convective- 50. = .100. = .150‘ = .200. = .250
diffusion equation with a constant diffusivity may yield qual-
itatively and quantitatively incorrect predictions of the perme- AP (kPa)

ate flux decline behavior.

The size range of the particles and the operating conditiong'G' 15. Variation of the average permeate flux with operating pressur:
used to obtain the average permeate flux in Fig 14 w obtained for different particle size. The particle charge density and backgrou

eJ ctrolyte concentration were fixed a20 mC/nf and 0.05 M, respectively.
selected such that a cake does not form on the membrane, @iy operating parameters are same as in Fig. 14.

the flux decline is solely osmotic pressure governed. In our
calculations, it was assumed that as long as the particle volume

fraction at the membrane surface was less than 0.55, @eént flux over the pressure range considered. Furthermore, 1
filtration process could be considered as osmotic pressggmeate flux becomes lower as the particle size is increas
governed. This was the case in all the flux predictions showme predictions based on concentration dependent diffusivi
with the particle volume fraction being much less than 0.55 gte, however, pressure dependent, and increase marginally
lower electrolyte concentrations. Based on the predictions @k particle size is increased. The figure also shows that for
Fig. 14, it is evident that the membrane surface concentratigfigiticle radius of 7 nm, the permeate flux decline behavic
under a given set of conditions were much lower for thgsing constant diffusivity possibly becomes cake layer cor
variable diffusivity model than those for the constant diffusivtrolled beyondAP = 200 kPa, since above this pressure the
ity model. This also implies that the enhancement of diffusivityarticle volume fraction at the membrane surface attains tt
can increase the domain of osmotic pressure governed mefixximum value of 0.55. The corresponding dashed line |
brane filtration. In other words, for a given solute particlguncated at this pressure. The permeate flux obtained usi
dispersion, a cake (gel) layer would form at higher pressurggriable diffusivity, however, remains osmotic pressure gov
when the diffusion coefficient increases with particle concegrned up to considerably higher pressures as the membre
tration. surface volume fraction remains substantially lower than 0.5
in this case.
5.4. Flux-Pressure Relationship for Concentration
Dependent Diffusivity 6. SUMMARY AND CONCLUDING REMARKS

Figure 15 depicts the variation of the channel-averagedA comprehensive theoretical approach for predicting th
permeate flux with operating pressure obtained using constarituence of physicochemical interactions between solute ps
and variable diffusivity in the convective diffusion equation foticles on the permeate flux decline during cross-flow membrar
different particle sizes. In these calculations, the operatifijration of small colloidal or macromolecular solute particles
pressure range was selected to ensure that a cake layer doebhatbeen presented. The approach draws upon the intec
form on the membrane surface. Under these conditions, tguation theory of statistical mechanics to predict the solutic
constant diffusivity model predicts a nearly pressure-indepestructure (represented as the pair correlation function) using
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pairwise summation of the binary interactions between tle expressed as one-dimensional functions of radial positic
solute particles. The resulting pair correlation function is usedone.

in the virial equation of state and a theory of batch sedimen-The Fourier transform of a radially symmetric functig(r)
tation to predict the osmotic compressibility and the sedimeoan be written as a one-dimensional sine transform (37)
tation coefficient, respectively. The osmotic pressure and sed-
imentation coefficient are then used to obtain the concentration

dependence of the diffusion coefficient. Incorporation of the (k) = 47Tf r2y(r) smé:«) dr, [A.1]
concentration dependence of osmotic pressure and diffusion 0
coefficient in the framework of the convective-diffusion equa-
tion coupled with the osmotic pressure model for permeaige inverse transform being
flow leads to the prediction of permeate flux decline due to
concentration polarization. . )
It is important to consider the variations of diffusivity in the _ 1 251y SINCKD)
portant t T i . Y =5 5| Kk~ dk [A2]
convective diffusion equation in order to predict the permeate T, r

flux decline behavior accurately. The variable diffusivity
mOd?' 'S partlpularly necessary to elucidate the mfluen.ce Of.t\r/]v%ere the presence of a tilde denotes the Fourier transform
physicochemical interactions between the solute particles in a . o :
concentrated dispersion on permeate flux decline. The preqfucr_]cthn. From Egs. [A.1] and [A.2], itis clear that a function
. - . defined as
tions indicate an enhancement of permeate flux in presence of
interparticle repulsion. This is predominantly due to the en-
hanced diffusive back-transport of solutes in the polarized F(r) =ry()
layer, which lowers the extent of concentration polarization. ) . )
Consequently, although the osmotic pressure buildup increaS88 P& Fourier transformed using any standard numerical :
in presence of large interparticle repulsion, the permeate fIiR/thm for treatment of one-dimensional sine transforms. Fo
may actually increase due to a less significant buildup If%ing is & brief description of the numerical technique em
membrane surface concentration. The counteracting effectd’gyed in this study to solve the OZ equation with the PY ant
osmotic pressure and diffusion coefficient, however, limit thdNC closures. _ _
extent of permeate flux variation attainable by changing the 1€ réal space(0 = r = yn,, wherey,,, is a suitably
physicochemical properties of the solution. This is evident §f0S€n large value) is discretized ifdantervals, the location
low electrolyte concentrations where, although both diffusivit§’ €ach point being
and osmotic compressibility are enhanced by factors of 10— . )
100 at high volume fractions, the corresponding enhancement ri=iar, i=1,2,... N, [A.4]
in permeate flux is relatively modest.

The approach presented here provides a significantly broadéere Ar is the step size. The step size in the Fourier trans
perspective of the influence of interparticle interactions on tfiermed domain is related tar as
solution properties in a polarized layer and the ensuing perme-
ate flux decline behavior. The unification of the continuum ™
approach for modeling concentration polarization and the sta- Ak = NAr’ [A-5]
tistical mechanical approach for predicting the thermodynamic
and transport properties provides a direct quantitative lidith the discrete Fourier space varialilgiven by
between the interparticle interactions and the permeate flux
decline. As a consequence, the theoretical model presented k = jAk, j=1,2,... ,N. [A.6]
here shifts the experimental focus in membrane filtration stud-
ies from measurement of osmotic pressure and diffusion Coghg giscrete Fourier sine transform pair corresponding to Eq
ficient Fo more fundamentgl meagurements of the parametﬁ_(:_sl] and [A.2] can now be written as
governing the interparticle interactions between the solute par-

[A.3]

ticles. - B
- [ i _
APPENDIX A: NUMERICAL SOLUTION OF THE Fi= Amar E’l Fi Sm( N ) j=1,2,...,N-1
ORNSTEIN-ZERNIKE INTEGRAL EQUATION
N—1 -
For radially symmetric interaction potentials, the correlatiop, — Ak2 > F sin(mj>, i=1,2, ... N-1.
functions in the OZ integral equation are radially symmetric. 2m =1 N

Consequently, the three-dimensional correlation functions can [A.7]
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The above Fourier transformations can be performed usirglatively short ranged compared to the particle dimension
discrete sine transformation techniques that utilize fast Fourikepplication of the algorithm for long ranged interactions (for

transforms (47). instance, in electrolyte systems interacting through unscreen
Writing the various correlation functions & = r;c;, H, = Coulomb potential) requires modifications to correct the long
rih;, andI'; = r;y;, wherey, = h; — ¢;, the PY and HNC range inaccuracies arising from the discrete Fourier transfor
closures are expressed as techniques (48). Details of such corrections are available els
where (35, 48, 49).
Iy I
C= ri[exp<ri> . 1] [A.8] APPENDIX B: NUMERICAL SOLUTION OF THE

VARIABLE-DIFFUSIVITY CONVECTIVE-
DIFFUSION EQUATION

and
The governing equations for concentration polarization wer
Iy i solved using the method of lines (50). The convective-diffu
Ci= r{exp( ~BE(N) + n) o 1] o A gion Eq. [2.1] was written in a nondimensional form as
respectively. Furthermore, Fourier transformation of the OZ ﬁ_ g i (F(O) @ B ﬁeﬁ B.1
Eq. [2.6] yields axX Y |aY 3y av|r BY
P néf A1 using the scaled variables
X y . Vo
. ) ) 0=—, X=—, Y=%, Pe=—, [B.2]
Equation [A.10], along with an appropriate closure, Eq. Ny L 3 D.

[A.8] or Eq. [A.9], can be solved by a Picard iteration tech-

nique. The solution procedure starts with an initial guess of tMé1ereL andé represent the channel length and the thicknes
function I';. Substitution of this initial guess in the closure®f polarized boundary layer, respectively. The paramgtsr
equation provides an estimate 6f, which is Fourier trans- 9iven as

formed to obtairC;. Substitution ofC; in Eq. [A.10] provides

I';, which is back transformed to obtain an updated value of _LD.
I'!®. This new estimate of; is compared with the old esti- ¢= 83’
mate. If the difference between the two values is less than a

predefined convergence criterion at every point inrtlspace, wherey is the shear rate used to define the axial (crossflov
the solution is assumed to have converged. Otherwise, a naslocity profile as

weighted guess for the value bf is evaluated using

[B.3]

u=vyy. [B.4]
reew=or?+ (1- ol [A.11]

The functionF(6) denotes the concentration dependent part c
wherew is a weighting parameter (@ o < 1). The use of an the diffusion coefficient and is expressed as
appropriate weighting parameter is a key to the success of the
above Picard iteration scheme. When the value of set to 1, F(6) = D(6) B.5]
the solution often becomes oscillatory and fails to converge. D. ° '
Consequently a smaller value of the parameter is required,
which ensures a stable, albeit slower, convergence. Once th&quation [B.1] was discretized in thédomain by employ-
solution has converged, the pair correlation function can b a finite difference scheme, thereby yielding a set of couple

determined using nonlinear ordinary differential equations (ODES) in tKelo-
main. The general form of the ordinary differential equations i
g=1+h,. [A.12]
dgk_g{ 2 |:F(6k+l+ ek) (01 — 0))
The above numerical scheme is quite efficient in a fastX Y, | (he; + hy) 2 Niit

are identical to those obtained from more sophisticated algo- P —Pe
rithms (48). It is important to note that the simple algorithm 2 k (hia + hy
described here is suitable only when the interaction energy is [B.6]

rocessor, and for the systems studied in this work, its results
b y - (ek+ e) (6, ok_o] o (Bea— ek_a}
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Here, 6, represents the scaled concentration at the finite d§-
ference pointk, where the local is represented by,. The T
above finite difference formula employs a nonuniform grid. ki

should be noted that the functidf(6) was quasi-linearized v(Xx)

over each finite difference interva} (= Y, — Y,_,) (47). The v,
set of coupled ordinary differential equations represented ty
Eqg. [B.6], along with the appropriate boundary condition&/)
obtained using the discretized forms of Egs. [2.2] and [2.3X
were solved using a backward difference predictor—corrector
method which is suitable for stiff ODEs (51). Y
The boundary layer thicknessmust be known a priori to y
obtain a solution of the above system of equations. A consér-
vative estimate of the latter may be about 10-20% of the
half-channel height (52, 53). Using a larger valuéadoes not z,
alter the concentration profile, although lower values of this

ND ELIMELECH

scaled distancer(r,)

temperature (K)

cross-flow velocity (m/s)

transverse velocity of the permeate (m/s)
pure solvent flux (m/s)

permeate flux (m/s)

average permeate flux (m/s)

dimensionless axial distance, Eq. [B.2]

axial direction in a crossflow filtration unit
dimensionless transverse distance, Eq. [B.2]
transverse direction in a crossflow filtration unit
osmotic compressibility

valence of background electrolyte

particle charge number

parameter may result in erroneous predictions of the concésreek Symbols

tration profile and the permeate flux depending on other oper-
ating conditions. In this studyj was ascertained by assuming,

exponent in Eq. [2.8]

that the concentration profile becomes flat (that is, the sIopeI§>f KT (37
the concentration profile eddY — 0) aty = §. In the shear rate (g)
computer implementation, the value &fwas increased until ¥(r) h(r) = o(r)
the slope ay = & became smaller than a preset lirait 5 Fourier transformed(r)
) polarized layer thickness
APPENDIX C: NOMENCLATURE e dielectric permittivity of vacuum (8.854x
10712 CZNfl m72)

A Hamaker constant (J) & relative dielectric permeability of solvent
A;, B; hydrodynamic interaction parameters used in E% particle volume fraction

[2.10] , k' Debye screening length (m)
a coefficients used in Eq. [4.4] i solvent viscosity (N s n)
Cea electrolyte concentration (M) i osmotic pressure
c(r) direct correlation function ) dimensionless concentration defined in Eq. [B.2]
D gradient diffusion coefficient (#s) o particle diameter
D.. Stokes-Einstein diffusivity (1iks) o,  osmotic reflection coefficient
E pair interaction potential (‘}29 o  weighting factor in Picard iteration technique
€ electronic charge (1.& 10 °C) dimensionless parameter in Eq. [B.3]
F(6) concentration dependent part of diffusivity given by

Eq. [B.5] Subscripts
a(r) pair correlation function (radial distribution function)
0«(r)  Boltzmann distribution function )
h(r)  total correlation function b bulk solution
h, finite difference step size &th node EL electrolyte
K sedimentation coefficient m  membrane surface
K Boltzmann constant (1.38 10 % JK™) P permeate
L length of crossflow filtration channel (m)
N, Avogadro number (6.02% 10%) REFERENCES
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