
t
p
c
g
h
t
t
n
d
d
d
t
o
c
p
p
d
u
t
F
p
t

fi
m

t
m
a
c
m
s
c

C

e

Journal of Colloid and Interface Science212,81–99 (1999)
Article ID jcis.1998.6045, available online at http://www.idealibrary.com on
Concentration Polarization of Interacting Solute Particles
in Cross-Flow Membrane Filtration

Subir Bhattacharjee, Albert S. Kim,1 and Menachem Elimelech2

Department of Chemical Engineering, Yale University, 9 Hillhouse Avenue, New Haven, Connecticut 06520-8286

Received July 29, 1998, accepted December 17, 1998
fi
ra
a

. T
lin
nd

o

o

g ret-
i n is
a and
i ide
r often
b trans-
m of the
t amic
( rane
t ctual
m dur-
i ame
t alent,
p he-
n layer
b sure
a alent
a phe-
n priori
p rane
p

ict
t the
a ical
i me-
w del,
n iffu-
s eri-
m (2, 6,
8 is an
a em-
i rized
l erac-
t de-
p sion
c g of
t heo-
r e in-
t sion
m ing

sity

che
A theoretical approach for predicting the influence of interpar-
icle interactions on concentration polarization and the ensuing
ermeate flux decline during cross-flow membrane filtration of
harged solute particles is presented. The Ornstein–Zernike inte-
ral equation is solved using appropriate closures corresponding to
ard-spherical and long-range solute–solute interactions to predict
he radial distribution function of the solute particles in a concen-
rated solution (dispersion). Two properties of the solution,
amely the osmotic pressure and the diffusion coefficient, are
etermined on the basis of the radial distribution function at
ifferent solute concentrations. Incorporation of the concentration
ependence of these two properties in the concentration polariza-
ion model comprising the convective-diffusion equation and the
smotic-pressure governed permeate flux equation leads to the
oupled prediction of the solute concentration profile and the local
ermeate flux. The approach leads to a direct quantitative incor-
oration of solute–solute interactions in the framework of a stan-
ard theory of concentration polarization. The developed model is
sed to study the effects of ionic strength and electrostatic poten-
ial on the variations of solute diffusivity and osmotic pressure.
inally, the combined influence of these two properties on the
ermeate flux decline behavior during cross-flow membrane filtra-
ion of charged solute particles is predicted. © 1999 Academic Press

Key Words: concentration polarization; cross-flow membrane
ltration; permeate flux decline; Ornstein–Zernike equation; os-
otic pressure; sedimentation; diffusion.

1. INTRODUCTION

Concentration polarization during cross-flow membrane
ration and the ensuing permeate flux decline are gene
odeled by coupling the convective-diffusion equation with
ppropriate expression governing the permeate transport
oupled model for concentration polarization and flux dec
ay be regarded as the cornerstone of our theoretical u

tanding of membrane filtration involving a diverse array
olloidal and macromolecular systems (1–5).
The above macroscopic continuum model, even in its m
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eneral formulation, often fails to provide a complete theo
cal perspective of the flux decline behavior. This limitatio
pparent from the inability of the model to accurately

ndependently predict the permeate flux behavior for a w
ange of solutes. The shortcomings of the theory have
een ascribed to the use of inappropriate expressions for
embrane permeate transport. Rather indiscriminate use

hermodynamic (osmotic pressure model) and hydrodyn
filtration theory) approaches to model the transmemb
ransport led to considerable confusion regarding the a
echanism of concentration polarization and flux decline

ng the past two decades (1–4). However, it gradually bec
ransparent that these two approaches might be equiv
articularly when modeling the concentration polarization p
omenon of solute particles in the absence of a cake
uildup (6). Recently, it was shown that the osmotic pres
nd filtration (hydrodynamic) approaches constitute equiv
lternative descriptions of the concentration polarization
omenon (5, 7). Despite these advancements, however, a
redictions of permeate flux based on solution and memb
roperties still remain elusive.
The inability of the convective-diffusion model to pred

he permeate flux accurately may also be ascribed to
bsence of any information regarding the physicochem

nteractions between the solute particles in the model fra
ork. Two parameters in the convective-diffusion mo
amely the osmotic pressure and the gradient (mutual) d
ion coefficient, are generally supplied in the form of exp
ental correlations or are used as adjustable parameters
, 9). Embedded in these two macroscopic properties
stounding amount of information regarding the physicoch

cal interactions between the solute particles in the pola
ayer and the solution structure engendered by such int
ions. Use of experimental correlations for concentration
endence of osmotic pressure or empirical values of diffu
oefficient does not provide a quantitative understandin
hese interparticle interactions. The paucity of a sound t
etical link between these macroscopic properties and th
erparticle interactions often renders the convective-diffu
odel of flux decline semiempirical, capable only of fitt

of

m.

xperimental data using adjustable parameters.
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82 BHATTACHARJEE, KIM, AND ELIMELECH
A comprehensive predictive theory of flux decline sho
elate the physicochemical interactions between the solute
icles in the polarized layer to the osmotic pressure and
iffusion coefficient. The resulting estimates of diffusion
fficient and osmotic pressure, when substituted in the
ecline model, may render the macroscopic model capab
uantifying the influence of interparticle interactions on p
eate flux decline. Incorporation of interparticle interaction
odels of flux decline has received considerable attention

he recent years (10–18). The first quantitative incorporatio
nterparticle interactions to investigate permeate flux de
ehavior was motivated by experimental observations o
ffect of particle charge, solution pH, and ionic strength on
ermeate flux (10–13). Bowen and Jenner (14) have com
ensively reviewed most of these earlier investigations. M
ecent studies on the influence of solute–solute interac
14–18) are generally based on cell models (19, 20). Mo
hese studies assume a fixed structure for the concent
olarization layer while computing the interactions. Suc
riori assumption of the solution structure may be reason
ccurate for systems where a cake layer has formed, b

nadequate for a disordered liquid-like system (21), typic
epresented by a concentration polarization layer.

The above limitation of the cell models may be overcom
mploying rigorous statistical mechanical theories to relat

nterparticle interactions to the structure of the solution (
ersion) (21–27). Contrary to the cell models that assum
xed geometrical structure of the cake layer, the statis
echanical approach allows the interparticle interaction
ictate the structure of the solution. This feature makes
pproach amenable for studying the structure and therm
amic properties of concentrated disordered systems.
A substantial theoretical development has been made i

nderstanding of sedimentation and gradient diffusion u
tatistical mechanical procedures (21–28). Noting that the
ersion microstructure evolves from the interparticle and
rodynamic interactions in essentially the same manner d
edimentation and membrane filtration processes, the the
atch sedimentation may be extended to predict permeat
ecline in membrane separation processes (25). Howeve
tatistical mechanical theory of sedimentation is reason
ccurate only for dilute monodisperse suspensions of
pherical particles (21). Till date there have been very lim
tudies on the influence of long-range interparticle collo
nteractions at higher solute particle concentrations base
his approach (27).

In this paper we apply the integral equation theory (29
etermine the equilibrium structure of the solution (dispers

rom the interparticle interactions. The Ornstein–Zernike (
ntegral equation (30) is solved using the Percus–Yevick
31) and the hypernetted chain (HNC) (32) closures f
ystem of spherical particles to obtain the radial distribu
unction for the particulate species. A one-component pa

late system interacting through either hard-sphere or De
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aguin–Landau–Verwey–Overbeek (DLVO) potential (33,
s considered. Theoretical estimates of the osmotic pres
edimentation coefficient, and diffusion coefficient are
ained from the interparticle interactions, solution struct
nd hydrodynamic interactions based on the virial equatio
tate and the theory of batch sedimentation. Finally, the e
f concentration polarization and permeate flux declin
redicted by incorporating the concentration-dependent

ion properties in the convective diffusion equation coup
ith the osmotic pressure governed permeate flux equa
he theoretical approach is used to model the concentr
olarization behavior (in absence of cake formation) du
ross-flow membrane filtration of solute particles. A uni
eature of the present approach is the establishment of a
uantitative link between the interparticle interactions and
ermeate flux decline behavior without assuming a struc
olution in the polarized layer.

2. THEORETICAL BACKGROUND

In this section, we present the general theoretical outlin
ncorporation of interparticle interactions in a steady-s

odel of concentration polarization during cross-flow m
rane filtration of charged solute particles. Typical solut
ncountered in membrane filtration processes where co

ration polarization is the primary cause of permeate
ecline (for instance, nanofiltration and ultrafiltration) invo
macrosolute, which may be a small colloidal particle
acromolecule, a background electrolyte, and the solvent

tatistical mechanical treatment adopted in the study ass
he solution (dispersion) to be a pseudo-one-componen
em, where the macromolecular or colloidal particles (m
osolutes) are considered as monodisperse spherical pa
uspended in a solvent continuum (35). Any microion in
ystem arising from dissociation of the background electro
s also considered to be a part of the continuum (35, 36)
se the terms “particle,” “colloid,” and “solute” interchang
bly to indicate the particulate (macrosolute) species in
olution.

.1. Mathematical Model of Concentration Polarization
during Cross-flow Membrane Filtration

A typical cross-flow filtration process is shown schem
ally in Fig. 1, which depicts the physical and geometr
onsiderations for the mathematical treatment adopted in
ection. The steady-state differential solute material balan
he polarized layer during cross-flow membrane filtratio
ritten as

u
­n

5
­ SD~n!

­nD 2 v
­n

, [2.1]
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83CROSS-FLOW MEMBRANE FILTRATION
ith the boundary conditions given by

n 5 nb as y3 ` [2.2]

nd

~nm 2 np! 5 D~nm!
­n

­ y
U

y50

at the membrane surface~ y 5 0!. [2.3]

ere,n is the solute concentration (number density),u is the
ross-flow velocity parallel to the membrane (alongx), and
(n) is the concentration dependent mutual diffusion co
ient of the solute. The subscripts b, m, and p represen
ulk solution, the membrane surface, and the permeate, re

ively. The solvent velocity normal to the membrane (alony
irection) in the polarized layer,v, is considered equal to th
ermeate velocity through the membranevw, and is expresse
s

vw 5 2v 5
DP 2 soDPm

mRm
, [2.4]

hereDP is the applied pressure difference across the m
rane,DPm (5Pm 2 Pp) is the osmotic pressure differen
cross the membrane,so is the osmotic reflection coefficient,m

s the solvent viscosity, andRm is the membrane resistan
he osmotic pressure difference across the membrane, wh
complex nonlinear function of the solute concentration

FIG. 1. Schematic representation of a cross-flow membrane filtr
hannel of lengthL depicting a steady state concentration polarization

ayer on the membrane surface. The axial (cross-flow) velocityu varies with
he transverse (y direction) distance from the membrane surface. Within
onfines of the polarized layer thickness, this velocity profile is assumed
inear. The thickness of the CP layer increases, while the local permea

w decreases, with the axial (x direction) distance. The geometrical consid
tions depicted above are used to develop the mathematical model of C
ermeate flux decline in Section 2.1.
ates the membrane surface concentration and the permes
-
he
ec-

-

is
-

ux. Note that the permeate fluxvw, the membrane surfa
oncentration of the solute particlesnm, and the osmotic pre
ure difference across the membraneDPm are local quantities
hich vary with the axial position along the membrane ch
el. The osmotic reflection coefficientso in Eq. [2.4] equals

or perfectly semipermeable membranes (solute rejection5 1).
In the above model, the diffusion coefficientD in Eq. [2.1]

nd the osmotic pressure differenceDPm in Eq. [2.4] reflect the
ydrodynamic and thermodynamic properties of the solu
hile the osmotic pressure is a purely thermodynamic en

he diffusivity reflects the interplay between thermodyna
nd hydrodynamic interactions. A closer inspection of osm
ressure and diffusivity in a microscopic scale provide
learer perception of the influence of interparticle interact
n the permeate flux decline behavior.

.2. Relationship between Macroscopic Solution Propert
and Interparticle Interactions

2.2.1. Osmotic pressure.The osmotic pressure can be
ated to the interparticle interactions and the solution struc
y the virial equation of state (29),

P 5 nkT2
2

3
pn2 E

0

`

r 3g~r !
dE

dr
dr, [2.5]

herer is the radial position,k is the Boltzmann constant,T is
he absolute temperature, andg(r ) is the radial distributio
unction, which represents the solution structure and evo
rom the pair interaction potentialE(r ). The radial distribution
or pair correlation) function is generally obtained from
nteraction potential by a statistical mechanical method,
olution of the Ornstein–Zernike (OZ) integral equation
0) or Monte Carlo (MC) simulations (37). The osmotic pr
ure can also be determined from the compressibility equ
f state (29), which is considered to be more general tha
irial equation of state. Both equations of state, howe
hould ideally provide the same osmotic pressure when
nderlying statistical mechanical theory for evaluation of
air correlation function is exact. This criterion is often use
etermine the accuracy of a statistical mechanical theory
In this paper, we use the integral equation method to o

he radial distribution function of the solutes. The met
nvolves solution of the OZ integral equation for the so
articles, written as (29)

h~r ! 5 c~r ! 1 n E h~r 9!c~r 2 r 9!dr9, [2.6]

hereh(r ) 5 g(r ) 2 1 is the total correlation function an
(r ) is the direct correlation function. Equation [2.6] can

n
)

be
ux

and
ateolved using appropriate closures, which relate the direct cor-
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84 BHATTACHARJEE, KIM, AND ELIMELECH
elation function to the interaction potentials between the
te particles (29). Use of different closures will be describe
ections 3 and 4. Equation [2.6], being a convolution inte
eeds to be solved using Fourier transforms. For rad
ymmetric interaction potentials considered in this study
olution of the OZ equation becomes facile since one-dim
ional Fourier transforms can be used to solve the th
imensional problem. The numerical technique for solving
Z integral equation employed in this study is briefly outli

n Appendix A.

2.2.2. Gradient diffusion coefficient.An expression fo
he concentration dependence of diffusion coefficient ca
eadily obtained from the theory of batch sedimentation.
oncentration dependence ofD can be expressed by the g
ralized Stokes–Einstein diffusivity equation as (28)

D~f! 5 D`K~f!
d@fZ~f!#

df
, [2.7]

heref is the solute volume fraction (54pr p
3n/3 for spherica

olutes of radiusr p), K(f) is the sedimentation coefficie
ratio of hindered to free settling velocities),Z(f) is the
smotic compressibility (5P/nkT), and D` is the Stokes
instein diffusivity at infinite dilution (5kT/6pmr p). It is
pparent from Eq. [2.7] that knowledge of the osmotic c
ressibility is an essential prerequisite for theoretical eva

ion of the diffusion coefficient. The osmotic compressibi
eflects the thermodynamic aspect of diffusion. The hydr
amic aspect of the property is embedded in the sedimen
oefficient. In the following, a brief summary of the the
elating the sedimentation coefficient to the intermolecular
ydrodynamic interactions is presented.

2.2.3. Sedimentation coefficient.The sedimentation coe
cient is generally expressed as a function of the solute vo
raction by (25)

K~f! 5 ~1 2 f! a. [2.8]

or dilute suspensions, the exponenta can be obtained from
rst-order series expansion of the above expression,

K~f! 5 1 2 af 1 O~f 2!, [2.9]

here the coefficienta is expressed for a suspension of mo
isperse spheres of radiusr p as (21, 25, 26)

5 H5 1 3 E
2

`

@1 2 gss9#sds2 E
2

`

@A11 1 A12

1 2~B11 1 B12! 2 3~1 1 1/s!# gss9s
2dsJ . [2.10]
a

l-
n
l,
ly
e
n-
e-
e

e
e

-
a-

-
on

d

e

-

ere, s is the nondimensional separation distance (r /r p) be-
ween the sphere centers. The pair correlation functiongss9(r )
n Eq. [2.10] is given by the Boltzmann distribution for dilu
uspensions,

gss9~r ! 5 expS2
E~r !

kT D . [2.11]

he coefficientsA ij andB ij in Eq. [2.10] are obtained from th
olution of Stokes’ equation for the solvent flow past
nteracting spheres. The terms used in this case are (25)

A11 5 1 2
60

16s4

A12 5
3

2s
2

1

s3

B11 5 1

B12 5
3

4s
1

1

2s3 . [2.12]

t should be noted that Eq. [2.12] represents the approxi
ar-field forms of the coefficients for hydrodynamic interact
etween two equal spheres, and is, in principle, appropria

he limit f 3 0.
Substitution of Eqs. [2.11] and [2.12] in Eq. [2.10] a

valuation of the integrals yields an estimate ofa, which
eflects the effects of the interparticle interactions as well a
ydrodynamic interactions on the sedimentation coeffic
se of the Boltzmann distribution and the far-field form of
ydrodynamic coefficients, coupled with the use of first-o
eries expansion in Eq. [2.9], renders the theory valid onl
ilute colloidal dispersions (f 3 0). Extension of this theor

or higher solute volume fractions, wherea itself is treated a
concentration (volume fraction)-dependent parameter, is

ussed in Section 3.2.
Equations [2.5] and [2.8] relate two macroscopic prope

f a solution (osmotic compressibility and sedimentation
fficient) with the interparticle and hydrodynamic interactio
ombining these two relations, we can obtain the conce

ion dependence of diffusivity from Eq. [2.7]. The concen
ion dependent diffusivity can be used in the convective
usion Eq. [2.1] to predict the extent of concentrat
olarization and, consequently, the permeate flux decline
ntire theoretical approach described above provides a g
lized procedure for prediction of concentration polariza
nd permeate flux decline for different types of solutes on
asis of information regarding the interparticle and hydro
amic interactions. We now describe the application of
eneral theoretical framework for different types of interac
otentials between the solute particles. In Sections 3 a

pplication of the statistical mechanical approach to evaluate
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85CROSS-FLOW MEMBRANE FILTRATION
he osmotic pressure and diffusivity is described for so
articles interacting via hard-sphere and long-range intera
otentials, respectively. In Section 5, these predictions o

ution properties are used to obtain the permeate flux de
ehavior during cross-flow membrane filtration.

3. SOLUTION PROPERTIES FOR HARD SPHERICAL
SOLUTE PARTICLES

At the outset, it should be noted that hard-spherical sys
ave been studied in great detail, and most of the re
resented in this section are well known. Therefore, the
ary objective in this section is to provide a facile outline

he application of the theory, depicting how the different
ution properties can be predicted from information regar
he solute–solute interactions using some well-known e
ions arising from statistical thermodynamics of hard-sp
olecules.

.1. Osmotic Compressibility

As stated earlier, the first step toward the estimatio
smotic pressure is the determination of the radial distribu

unctiong(r ) for a given interaction potential. For hard sph
cal molecules, the interaction potential is written as

E~r ! 5 ` ~r # s!

5 0 ~r . s!, [3.1]

heres is the molecular diameter (52r p). Using this interac
ion potential in the Ornstein–Zernike (OZ) integral equa
long with an appropriate closure yields the pair correla

unction.
For hard-sphere interactions, the OZ integral Eq. [2.6]

e solved analytically along with the Percus–Yevick (P
losure (31), written as

c~r ! 5 exp@g~r !# 2 g~r ! 2 1, [3.2]

hereg(r ) 5 h(r ) 2 c(r ). The resulting expression forg(r ),
hen substituted in the virial expression, Eq. [2.5], prov

he osmotic compressibility, which is related to the so
olume fraction as (29)

Z~f! 5
P

nkT
5

1 1 2f 1 3f 2

~1 2 f! 2 . [3.3]

sing the compressibility equation of state, a second ex
ion for the osmotic compressibility can be obtained (29)

Z~f! 5
1 1 f 1 f 2

3 . [3.4]

~1 2 f! T
e
on
o-
e

s
lts
i-
r
-
g
a-
e

f
n

-

n

n
)

s
e

s-

or hard-sphere systems, however, a more accurate expr
or the osmotic compressibility is available. This exact eq
ion of state, known as the Carnahan–Starling equatio
iven by (38)

Z~f! 5
1 1 f 1 f 2 2 f 3

~1 2 f! 3 . [3.5]

quation [3.5] can also be obtained by mixing Eqs. [3.3]
3.4] with weights1

3 and2
3, respectively (29).

The comparison of the three equations of state for h
phere systems given by Eqs. [3.3]–[3.5] is generally avai
n statistical mechanics texts (29). While Eq. [3.5] accura
redicts the osmotic compressibility of hard-sphere syst
qs. [3.3] and [3.4] slightly underpredict and overpredict
ompressibility, respectively, at high solute volume fract
.ca. 0.35). At low solute volume fractions, however, the th
xpressions yield nearly identical results. Furthermore,
Y-compressibility expression [3.4] is remarkably close to
arnahan–Starling equation [3.5] even at high volume

ions. Based on the above observations, the PY-compress
quation can, in principle, be used to predict the osm
ressure to a reasonably good approximation. In this s
owever, we resort to the Carnahan–Starling equation of

3.5] for hard-sphere systems, as it is known to be exact

.2. Sedimentation Coefficient

3.2.1. Existing techniques.Evaluation of the sediment
ion coefficient follows the determination of the exponenta in
q. [2.8]. Substitution of Eq. [3.1] in Eq. [2.11] and evaluat
f the integrals in Eq. [2.10] leads to an estimate of
arameter for hard-sphere interactions. The procedure yie
alue of 6.875 fora. A more precise value for the parame
.55, was obtained by Batchelor (21). Using this second v
f the exponent in Eq. [2.8] we obtain

K~f! 5 ~1 2 f! 6.55. [3.6]

t is well known that the volume fraction dependence of
edimentation coefficient given by Eq. [3.6] is remarka
ccurate for dilute monodisperse hard-spherical systems
9). Empirical correlations for the volume fraction depende
f sedimentation coefficient involving different values of
xponent in Eq. [2.8] are also common (25, 40, 41).
A second expression for the sedimentation coefficien

ard spherical particles is obtained using the Happel cell m
19),

K~f! 5
1 2 1.5f 1/3 1 1.5f 5/3 2 f 2

1 1 0.667f 5/3 . [3.7]
he Happel cell model is considered to be accurate for mod-
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86 BHATTACHARJEE, KIM, AND ELIMELECH
rate to high solute volume fractions (19, 20), and hence
3.7] is expected to yield the correct asymptotic limit for
edimentation coefficient at high solute volume fractions (
he close packing densities for hard-sphere molecules).

Figure 2 depicts the variation of the sedimentation co
ient with solute volume fraction obtained using Eqs. [
dashed line) and [3.7] (dotted line). In dilute suspensions
3.6] yields larger values of the sedimentation coefficient
appel’s expression. Furthermore, Eq. [3.6] predicts a li
ariation of the sedimentation coefficient with solute volu
raction asf3 0. Happel’s expression, Eq. [3.7], on the ot
and, predicts that the sedimentation coefficient depend
1/3 in this limit (20). This is a major argument in favor of E

3.6] in dilute systems, as most experimental observa
epict a linear decay of the sedimentation coefficient
olute volume fraction in dilute colloidal dispersions (21,
0, 41). At higher volume fractions (f . 0.3), however, Eq

3.7] predicts larger values of the sedimentation coeffic
han Eq. [3.6], and is closer to experimental observations
1). Assuming that Eqs. [3.6] and [3.7] provide the cor
symptotic limits in dilute and concentrated solutions, res

FIG. 2. Variation of the sedimentation coefficient with solute volu
raction for hard spherical particles obtained using different theoretica
roaches. The solid line is obtained using the modified technique descri
ection 3.2.2, the dashed line is obtained using a constant coefficienta 5 6.55

n Eq. [3.6], and the dotted line is obtained using Happel’s cell model
3.7]. The two curves corresponding toa 5 4.65 and 5.4 represent t
mpirical fits of Eq. [2.8] to the experimental sedimentation coefficient
eported in (40, 41).
ively, Fig. 2 suggests that these two expressions may p
q.

ar

-
]
q.
n
ar

r
on

s
h
,

t
0,
t
c-

ombined to provide the sedimentation behavior of hard-sp
olutes over a wide concentration range.

3.2.2. Modified theory of sedimentation.The combination
f the two estimates of sedimentation coefficient is, howe
uite empirical, and poses problems regarding the selecti
n appropriate value off where the transition from Eq. [3.6]
q. [3.7] should be made. It should also be noted that Eq.

s more appropriate for disordered liquid-like systems owin
ts use of arbitrary solution structure (21). In this respect,
orthwhile to explore the application of Eq. [2.8] to mo
oncentrated systems using the actual radial distribution
ion of a concentrated solution obtained from the OZ inte
quation (21–23, 27).
The expression for the parametera, Eq. [2.10], contains th

air correlation functiong(r ), which is related to the solutio
tructure at a given concentration. In the dilute limit,g(r ) is
valuated using the Boltzmann distributiongss9(r ), Eq. [2.11].
t higher solute concentrations, however, the OZ inte
quation described in Section 2 can be utilized to evaluat
air correlation function based on pairwise summation of m
ody interactions. As the pair correlation function obtai
sing this procedure depends on solute concentration, inc
ation of this g(r ) in the integrals in Eq. [2.10] renders t
arametera concentration dependent. The above modifica

s applicable if the solution structure is solely determined
he interparticle interactions, and the hydrodynamic inte
ions do not disturb this structure (22, 42).

The fact that the hydrodynamic interactions do not sig
antly modify the solution structure in the concentration
arization (CP) layer during cross-flow filtration can be veri
rom the local Peclet number attained in these proce
enoting the local shear rate asġ, the local Peclet number (P
6pmġr p

3/kT) in the CP layer rarely attains values.0.01 for
˙ , 2000 s21 and r p # 10 nm. Since the Peclet number
ubstantially smaller than 1, the influence of hydrodyna
nteractions on the solution structure can be safely ign
uring typical concentration polarization phenomena discu

n this study.
An implementation of the modified approach for predic

f sedimentation coefficient involves solution of the OZ in
ral equation with the PY closure for hard-spherical solute
valuate the pair correlation function, followed by its sub

ution in Eq. [2.10] to evaluatea. The procedure yields diffe
nt values ofa at different solute volume fractions. The in
rals in Eq. [2.10] can be evaluated numerically over the ra
istances at whichg(r ) is not 1 (that is, over 2, r , r max) and
nalytically at larger distances (r max , r , `) at whichg(r )

1. Here r max is the maximum radial distance used in
umerical solution of the OZ equation.
The resulting variation of the sedimentation coefficient

ard spherical particles obtained using the concentratio
endenta in Eq. [2.8] is shown as the solid line in Fig. 2. Al

p-
in

.

a

belotted in Fig. 2 are two empirical curves obtained usinga 5
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.65 and 5.4 in Eq. [2.8]. These empirical curves were obta
rom best fits of Eq. [2.8] to the experimental sedimenta
oefficients of silica spheres (r p 5 71 and 35 nm) (41) an
olystyrene latex particles (r p 5 1.55 mm) (40), respectively

t is evident that the estimate ofK(f) obtained using th
odified approach is much closer to these curves than e
q. [3.6] or [3.7] at larger volume fractions (0.1, f , 0.45).
he volume fraction dependence ofK(f) predicted by th
odified approach appears to be in excellent agreemen
xperimental observations over the entire range of vo

raction (f , 0.45) for hard-spherical colloids (25, 40, 4
otably, earlier approaches for prediction of sedimenta
oefficient resort to a single constant value ofa to fit the entire
ange of experimental observations (21, 22, 25, 39). In
resent approach,a itself varies with concentration, genera
anging between about 6.875 in dilute solutions (f 3 0) to a
alue of ca. 4.5 in concentrated solutions.
It is important to note that the modification of the p

orrelation function in Eq. [2.10] merely attempts to substi
more accurate structure of the solution to improve the a

acy ofa at a given solute concentration. Despite the use o
ore accurateg(r ), Eq. [2.10] should still be strictly valid fo
ilute systems as we have not incorporated the near
ydrodynamic interactions in the present approach. How

t is indeed gratifying that a simple substitution of an accu
olution structure alone provides such a dramatic improve
n the sedimentation coefficient predictions at high solute
me fractions.

.3. Gradient Diffusion Coefficient

Substitution of the osmotic compressibility and the sedim
ation coefficient in Eq. [2.7] yields the volume fraction
endence of the diffusion coefficient. Based on Eq. [3.5
(f) of hard-spherical particles, the expression for the
entration dependent diffusivity is

D~f! 5 D`K~f!
~1 1 4f 1 4f 2 2 4f 3 1 f 4!

~1 2 f! 4 . [3.8]

Figure 3 depicts the variation of the scaled gradient diffu
oefficient (D/D`) with particle volume fraction obtained u

ng Eq. [3.6] with a 5 6.55 (dashed line), Eq. [3.7] (dott
ine), and the modified approach (solid line) for evalua
(f) in Eq. [3.8]. The diffusivity for hard spheres obtain
sing Eq. [3.6] first increases and then decreases with a fu

ncrease in volume fraction. The increase in the gradient
usion coefficient with volume fraction has been experim
ally observed in the dilute limit (43, 44). However, the s
equent decrease at large volume fractions has not
xperimentally corroborated. Experimental observations
rally indicate a monotonic rise in the gradient diffusion c
cient with solute volume fraction. Consequently, the pre

ions of diffusivity based on Eq. [3.6] are questionable for highi
d
n

er

ith
e

n

e

e
u-
e

ld
r,

e
nt
l-

-

r
-

n

er
f-
-
-
en
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-
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olute volume fractions. Indeed, such a deviation is consi
ith the fact that the underlying theory for sedimentatio
alid only for dilute systems.
The concentration dependence of diffusivity obtained u
appel’s expression, Eq. [3.7], in Eq. [3.8] is in sharp con

o that observed using Eq. [3.6]. While this expression re
n quite unrealistic behavior at low volume fractions, the p
ictions indicate an increase in diffusivity with particle c
entration for higher volume fractions.
The modified approach (solid line), on the other hand,

icts a monotonic increase in the gradient diffusion coeffic
ith solute volume fraction. It is worth noting that the dif
ion coefficient evaluated using this approach is a signifi
mprovement over both existing approaches based on B
lor’s and Happel’s models. While the approach conform

he dilute limit predictions of Batchelor’s expression, Eq. [3
t also predicts a monotonic increase in the diffusivity up
uite high volume fractions. Further evidence for the vali
f the modified approach at higher volume fractions is
ented in Section 4, where the predicted variations of
iffusion coefficient are compared with experimental res
vailable in the literature.
It should be noted that theoretical prediction of the con

ration dependence ofD is a formidable task, as a small er

FIG. 3. Dependence of the gradient diffusion coefficient on solute vo
raction for hard spherical particles obtained using different theoretical
ates of the sedimentation coefficient based on the modified approac

3.6], and Eq. [3.7] (Fig. 2) in Eq. [3.8].
n the evaluation ofK(f) can lead to a drastic alteration in the



p ide
m at
h od
i se
f am
e ese
e r t
d , 2
i ing
r fiel
h tan
b

o
c de
t VO
i pe
t rica
m ple
f

4

s
g ise
a ive
e tin
e d
b
b

E

w n
t
p e
s firs
t ter
a E
i th
t
p .1
n wa
a

th
i Ha
m

s ter-
m aker
c ious
s xper-
i rom
e bil-
i f the
e
e

w r
c ning
l , sig-
n nged
i

4

-
t ion
g ng
w

w
ter-

a ility
Z r
d tions
i ess-
i e I.
I ncen-
t from
t ge is
s here
v ning
o van
d here
t
e -
s

s is
e with
e SA at
a lker
e ere
s tical
t OZ

88 BHATTACHARJEE, KIM, AND ELIMELECH
redicted values. Thus, while the modified approach prov
ore accurate results forK(f), it should be treated carefully
igher solute particle concentrations. A limitation of the m

fied theory of sedimentation presented here lies in the u
ar field expressions for the hydrodynamic interaction par
ters given by Eq. [2.12]. At high volume fractions, th
xpressions should be appropriately modified to account fo
ominance of the near field hydrodynamic interactions (23

n the integrals in Eq. [2.10]. In very dilute systems exhibit
epulsive interactions, however, the consideration of far-
ydrodynamic interactions should be adequate, as the dis
etween the solute particles is considerably larger.

4. SOLUTION PROPERTIES FOR CHARGED
SOLUTE PARTICLES

In this section, the concentration dependence of the osm
ompressibility and the gradient diffusion coefficient are
ermined for charged solute particles with long-range DL
nteractions. The procedure for the evaluation of these pro
ies is essentially similar to that employed for hard-sphe
olecules, except for the consideration of a more com

orm of colloidal interaction between the solute particles.

.1. Long-Range DLVO Interaction Potential

The interaction between two charged solute particle
enerally expressed by the DLVO potential, which compr
n attractive Lifshitz–van der Waals (VDW) and a repuls
lectrostatic double layer (EDL) interaction (45). The resul
xpression for two spherical particles of diameters, separate
y a dimensionless center to center distanceR(5r/s), is given
y (35, 46)

~r ! 5 2
A

12 F 1

R2 1
1

R2 2 1
1 2 lnS1 2

1

R2DG
1

zp
2e2

4pe0e r

exp@2k~r 2 s!#

r ~1 1 ks/ 2! 2 , [4.1]

hereA is the Hamaker constant,zp is the charge number o
he solute particle,e is the electronic charge,e0 is the dielectric
ermittivity of vacuum,er is the dielectric constant of th
olvent, andk is the inverse Debye screening length. The
erm in Eq. [4.1] represents the VDW component of the in
ction, while the second term represents the screened

nteraction between the charged particles. It may be noted
he VDW interaction energy diverges at contact (R 5 1). To
revent this divergence, a cut-off separation distance of 0
m was used in Eq. [4.1] (45). A hard-spherical repulsion
ssumed at separation distances lower than this value.
Three parameters in Eq. [4.1] completely characterize

nterparticle colloidal interactions, namely, the effective

aker constantA, the charge on the particlezp, and the Debye i
s

-
of
-

he
5)

d
ce

tic
-

r-
l
x

is
s

g

t
-

DL
at

58
s

e
-

creening lengthk21. These three parameters may be de
ined independently. Theoretical estimates of the Ham

onstant may be obtained from the polarizability of the var
pecies (45, 46). The particle charge can be determined e
mentally by acid–base titration or can be estimated f
lectrokinetic potentials obtained from electrophoretic mo

ty measurements (45). The Debye screening length o
lectrostatic interactions for a symmetric (z:z) background
lectrolyte can be determined from (25)

k 21 5 S e0e rkT

2 3 103NAe2z2CEL
D 1/ 2

, [4.2]

here NA is the Avogadro number andCEL is the mola
oncentration of the background electrolyte. The scree
ength becomes smaller at high electrolyte concentrations
ifying that the electrostatic interactions become short ra

n such situations.

.2. Determination of Solution Structure and Properties

4.2.1. Osmotic compressibility.Using the interaction po
ential described by Eq. [4.1], the radial distribution funct
(r ) is determined by solving the OZ integral Eq. [2.6] alo
ith the hypernetted chain (HNC) closure (29, 32),

c~r ! 5 exp@2bE~r ! 1 g~r !# 2 g~r ! 2 1, [4.3]

hereg(r ) 5 h(r ) 2 c(r ) and b 5 1/kT.
Substitution of the radial distribution function and the in

ction potential in Eq. [2.5] yields the osmotic compressib
. The variation ofZ with the solute volume fraction fo
ifferent particle surface charges and electrolyte concentra

s shown in Fig. 4. The calculations of the osmotic compr
bility were performed for the parameters shown in Tabl
ncreasing the charge and decreasing the electrolyte co
ration substantially increases the osmotic compressibility
he hard-sphere compressibility. When the particle char
mall, the compressibility may be lower than the hard-sp
alues at high electrolyte concentrations owing to the scree
f the electrostatic repulsion and the predominance of the
er Waals attraction. This behavior is depicted in Fig. 4, w

he compressibility for a particle charge numberzp 5 210 and
lectrolyte concentrationCEL 5 0.1 M falls below the hard
phere compressibility.
The remarkable accuracy of the theoretical prediction

vident from Fig. 5, where the predictions are compared
xperimental osmotic pressure data for aqueous saline B
n electrolyte (1:1) concentration of 0.15 M obtained by Vi
t al. (46). All the parameters used in the calculations w
imilar to those reported in that study and are nearly iden
o those reported in Table I. The results indicate that the

ntegral equation approach can reliably predict the osmotic
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ressure of macromolecular systems based on the DLV
eraction potential.

4.2.2. Sedimentation coefficient.The sedimentation coe
cient of a dilute dispersion of solute particles can be de
ined from Eq. [2.8] if the parametera is known. Substitutin

he DLVO potential [4.1] in Eq. [2.11] yields the Boltzma
istribution functiongss9(r ), which is then used in Eq. [2.10]
btain a. Figure 6 depicts the sedimentation coefficients

FIG. 4. Variation of the osmotic compressibility with volume fraction
harged particles interacting through DLVO potential. The solid lines
btained for different combinations of particle chargezp and molar electrolyt
oncentrationCEL, respectively, represented by the numbers within pare
es accompanying each curve. Other conditions used in the calculatio
iven in Table I. The dashed curve was obtained for hard-sphere (HS)
ctions.

TABLE I
Parameters Used for Prediction of the Solution Properties

olute radius,r p (nm) 3.0
harge number on particle,zp (2) 210 and220
lectrolyte (1:1) concentration,CEL (M) 0.1, 0.05, and 0.0
amaker constant,A (J) 1.653 10221

olute volume fraction,f(2) 0 2 0.4
inimum equilibrium cut-off distance,d0 (nm)a 0.158
olvent dielectric constant,er (2) 78.54
emperature,T (K) 298

a The minimum equilibrium cut-off distance is employed to prevent
ivergence of the attractive (VDW) component of the DLVO interac
vnergy at contact (45).
n-

r-

-

ained using this procedure (solid lines). The sedimenta
oefficient for hard-sphere solutes, obtained using Batche
xpression is also shown as dashed lines in the figure.
vident that by increasing the mutual repulsion between
olloidal particles (by increasing the charge or lowering
lectrolyte concentration), the sedimentation coefficient ca
ubstantially decreased from the hard-sphere values. It is,
ver, worth noting that experimental observations of the s
entation coefficient for charged particles at higher so

olume fractions are much larger than those predicted b
olid lines and generally do not deviate significantly from
edimentation coefficient of hard spherical particles (40).
eads us to believe that the estimates ofK(f) for charged
articles progressively deteriorate at higher solute conce

ions and for long-range interactions (for instance, at
lectrolyte concentrations), which invalidate the use of Bo
ann distribution, Eq. [2.11]. Use of thisK(f) to evaluate th
iffusion coefficient results in unrealistic predictions at h
olute concentrations. Happel’s expression forK(f), Eq. [3.7]
dotted line), on the other hand, is known to be more ap
riate at larger solute concentrations. Using these two o

e

-
are
r-

FIG. 5. Comparison of the theoretical predictions of the osmotic c
ressibility of bovine serum albumin (BSA) obtained using the HNC inte
quation theory with experimental observations of Vilkeret al. (46). The

heoretical calculations were performed assuming an equivalent sph
adius of the particles to be 3.13 nm. The particle charge numbers were220.4
nd 29.1, respectively, at pH 7.4 and 5.4. All other parameters used i
alculations are same as in Table I.
ations, the dilute limit result forK(f) may be combined with
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90 BHATTACHARJEE, KIM, AND ELIMELECH
appel’s expression for higher solute concentrations, as
ested in Section 3.2.
In this study, however, we circumvent this empirical met

y employing the pair correlation function obtained from
olution of the HNC integral equation in Eq. [2.10]. T
odified procedure yields the concentration dependencea,
hich, in turn, is used in Eq. [2.8] to predict the concentra
ependence ofK. The sedimentation coefficients predicted

his procedure are depicted in Fig. 7. It is evident from
gure that the sedimentation coefficient becomes indepe
f the particle charge and screening length at high s
olume fractions. Under such conditions, the sedimenta
oefficient of charged colloidal particles resembles the h
phere sedimentation coefficient. The influence of long-r
olloidal interactions on the sedimentation coefficient is ap
nt only in dilute solutions.
The above behavior of the sedimentation coefficient is

istent with the observation that a system of particles inte
ng through a screened Coulomb potential assumes a n
ard spherical structure at high solute volume fractions
igure 8 shows the pair correlation functions obtained from
olution of the OZ integral equation for hard-spherical

FIG. 6. Variation of the sedimentation coefficient with volume fract
btained for different particle charges and electrolyte concentrations
vailable theoretical approaches. The solid lines were obtained using
alues ofa evaluated from Eq. [2.10] using the DLVO interaction potentia
he Boltzmann distribution function, Eq. [2.11]. The dashed and dotted
ere obtained for hard-sphere particles using Eq. [3.6] and [3.7], respec
he DLVO interaction energy was calculated using the parameters lis
able I.
harged solute particles at high (Fig. 8a) and low (Fig. 8be
g-

d

n

e
nt

te
n

d-
e

r-

-
t-
rly
).
e
d

olume fractions. The two pair correlation functions (solid
ashed lines) are quite identical at high solute concentra
lthough they are obtained on the basis of different intera
otentials and closure equations. This similarity becomes
bvious when we note that, at lower solute volume fracti

he pair correlation functions obtained using the two poten
re considerably different, as shown in Fig. 8b.

4.2.3. Gradient diffusion coefficient.The dependence
he diffusivity on solute volume fraction can be obtained
ubstituting the osmotic compressibility and the sediment
oefficient in the generalized Stokes–Einstein Eq. [2.7].
alculation of the diffusivity was performed numerically us
he sedimentation coefficient and the osmotic compressi
ata. These numerical estimates of the diffusion coeffic
ere then correlated using a polynomial of the form

D~f!

D`
5 1 1 a1f 1 a2f

2 1 a3f
3 1 a4f

4 1 . . . , [4.4]

here the coefficientsai were determined using a simp
egression analysis of the numerical data.

Figure 9 shows the variation of the diffusion coefficient w
predicted for different solute particle charge numbers

FIG. 7. Variation of the sedimentation coefficient with volume fraction
ifferent combinations of particle charge and electrolyte concentration (s

n parentheses) obtained using the modified technique for evaluation o
entation coefficient employing theg(r ) determined from the HNC integr

ng
ed

s
ly.
in
)quation.
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lectrolyte concentrations. While the solid lines represen
redictions based on the modified approach, the dashe
as obtained using the theoretical approach of Batchelor
8) for hard-sphere particles. In dilute systems, the diffu
oefficient increases almost linearly with solute volume f
ion for high charges and low electrolyte concentrations
ower electrolyte concentrations, the rise inD(f) is phenom
nal, often showing a five- to sevenfold increase compar
he Stokes–Einstein diffusivity. The rise in diffusivity f
harged solute particles at low electrolyte concentrations
ualitative agreement with the experimental results of An
onet al. (43), who observed a linear rise in diffusivity of BS
ith volume fraction. These observations, however, were m

or very low BSA concentrations and, therefore, do not l
ny insight to the behavior at higher volume fractions.
Experimental observations of the concentration depend

f diffusivity were made over a wider concentration rang
igh electrolyte concentrations by Phillieset al. (44). These
xperimental values for the diffusion coefficient of BSA
ompared with theoretical predictions based on the mod
pproach in Fig. 10. The experimental observations wer
orted for a pH range of 7.2 to 7.6 and a background electr
oncentration of 0.15 M NaCl. These conditions closely e
ated a system of hard spherical particles with a short-r
lectrostatic repulsion. This is evident from the close co
pondence between the theoretical predictions for the
pherical particles (dashed line) and the experimental data
olid curve was obtained by assuming the equivalent sph

FIG. 8. Comparison of the pair correlation functions for hard-sphere
olume fraction (f 5 0.05). The solid line was obtained using the HNC i
he solid line was obtained using the conditions in Table I for a particle
adius of the particles to be 3.13 nm and the particle charga
e
ine
1,
n
-
t

to

in
r-

de
d

ce
t

d
e-
te
-
e
-
rd
he
al

umber to be220.4 (corresponding to pH 7.4) (46). The
redictions are in good agreement with the experimental

or f , 0.1. However, since the BSA molecules are
pherical (46) (contrary to the theoretical assumption) an
se of Debye screening parameter is questionable at
article volume fractions (35), it is difficult to assess
ccuracy of the theoretical predictions based on DLVO in
ction for f . 0.1. Despite this, it is indeed significant th
ost of the experimental points in Fig. 10 are closely boun
y the predictions of the modified approach (solid and da

ines). In sharp contrast, the concentration dependence o
usivity obtained using the sedimentation coefficient exp
ion of Batchelor, Eq. [3.6] (dotted line), differs markedly fr
he experimental results. It is clearly evident that use of
oltzmann distribution function to predictK(f) leads to a
rossly erroneous prediction of the diffusion coefficient at h
olute volume fractions.
Based on the above predictions, it becomes clear that

tions of diffusivity with solute concentration and the ph
ochemical properties of the solution cannot be ignored w
odeling the concentration polarization during membrane

ration, as this can seriously affect the prediction of the ex
f concentration polarization. In a typical concentration po

zation layer formed during cross-flow filtration of small c
oidal particles or macromolecules, the solute particle con
ration is expected to vary over the range considered in
tudy (volume fractions up toca.0.4). Over this concentratio
ange, the diffusion coefficient can vary significantly, ther

d charged particles at (a) high solute volume fraction (f 5 0.4) and (b) low solut
gral equation, while the dashed line was obtained using the PY integra
arge of210 and an electrolyte concentration of 0.01 M.
an
nte
eltering the diffusive transport term in the convective-diffusion
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quation. Such variations can reduce the extent of conce
ion polarization and, hence, result in higher permeate flu

5. PREDICTION OF PERMEATE FLUX DURING
CROSS-FLOW MEMBRANE FILTRATION

.1. Flux Predictions Using the Variable-Diffusivity
Concentration Polarization Model

Substitution of the gradient diffusion coefficient and
smotic compressibility in Eqs. [2.1]–[2.4] and solving th
sing an appropriate numerical technique provide a cou
rediction of the extent of concentration polarization and
eate flux decline. The numerical technique for solving

teady state convective–diffusion Eq. [2.1] for variable (c
entration-dependent) diffusivity is described in Appendix
In presenting the following results, the local permeate
as scaled with respect to the pure solvent fluxv 0 (5DP/
Rm). Typical variations of the scaled permeate flux w
imensionless axial position (x/L) in the filtration channel ar

FIG. 9. Theoretical predictions of the variation of gradient diffus
oefficient with particle volume fraction. The solid lines were obtained u
he modified approach for evaluating the sedimentation coefficient. W
urves 1–4 were obtained for different combinations of particle charge
onic strength (using HNC closure), the solid line marked “HS” was obta
or hard-sphere particles (using PY closure). The dashed line represe
iffusion coefficient for hard spherical particles obtained using Batche
pproach (25). All parameters used in the calculations are shown in Ta
urve 1,zp 5 210, CEL 5 0.1 M; curve 2,zp 5 220, CEL 5 0.1 M; curve
c, zp 5 220, CEL 5 0.05 M; curve 4,zp 5 210, CEL 5 0.01 M.
ra-

e
d

r-
e
-
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x

hown in Fig. 11. While the solid and dashed lines depic
caled permeate flux for variable diffusivity, the dotted
lowermost curve) represents the corresponding predic
btained using a constant Stokes–Einstein diffusion coeffi

n the model. The predictions for hard-spherical interact
ere obtained using the Carnahan–Starling equation fo
otic pressure. The variation of diffusivity was obtained us
q. [3.6] and the modified method for evaluation ofK(f) in
q. [3.8]. While the lower dashed curve for hard-sphere in
ctions was obtained using Eq. [3.6], the upper dashed
as obtained on the basis of the modified technique for
ation of K(f). The solid lines were obtained for vario
ombinations of particle charge and electrolyte concentra
s indicated in the figure. All other conditions (pressure,
ulk concentration, and cross-flow velocity) were kept cons
uring the calculations.
It is apparent from Fig. 11 that the present model is cap

f predicting the local variations of the permeate flux i

g
le
d

d
the
’s

I.

FIG. 10. Comparison of the various predictions of the concentra
ependence of diffusion coefficient with the experimental diffusivity of B
t a high electrolyte (1:1) concentration (0.15 M). The experimental da

aken from Phillieset al. (44). The solid and the dashed lines were obta
sing the modified approach for prediction of sedimentation coefficient b
n DLVO and hard-sphere interactions, respectively. The solid line
btained using the radial distribution function determined from the H
losure for a particle charge number of220.4 and particle radius of 3.13 n
46). The dashed line was obtained using the PY closure for hard-s
nteraction. The dotted line depicts the prediction for hard spherical par
sing Batchelor’s approach (25).
ross-flow filtration channel for a wide range of physicochem-
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93CROSS-FLOW MEMBRANE FILTRATION
cal conditions. Both particle charge and electrolyte conce
ion, which are manifested as variations of diffusivity a
smotic pressure, have a dramatic influence on the perm
ux. At low electrolyte concentrations or for highly charg
articles, the permeate flux predicted by the variable-diffu

ty model becomes significantly higher than the correspon
redictions using the constant diffusivity model. This imp

hat the constant diffusivity model of concentration polar
ion can significantly underpredict the permeate flux du
ross-flow membrane filtration of charged solute particles

.2. Dependence of Permeate Flux on Ionic Strength an
Particle Charge

It was shown in Fig. 11 that the permeate flux dec
redicted by considering the concentration dependenc
iffusivity is less severe than that observed using a con
iffusivity in the concentration polarization model. Use o
onstant diffusion coefficient in the convective– diffus

FIG. 11. Variation of the scaled permeate flux with scaled axial pos
n the filtration channel obtained using different estimates of the sol
roperties. The solid lines were obtained using the DLVO interaction pot

or the particle charge and electrolyte (1:1) concentrations indicated in p
heses. The upper dashed line was obtained using the modified estimate
edimentation coefficient in Eq. [3.8] to predict the concentration depen
f diffusivity for hard-sphere molecules. The lower dashed line was obt
sing Eq. [3.6] in Eq. [3.8]. The dotted line was obtained using a con
tokes–Einstein diffusivity in the convective diffusion equation. The oper
onditions for which the predictions were obtained areDP 5 200 kPa,ġ 5
00 s21, r p 5 3 nm, andfb 5 0.01. The length of the filtration channel w
.5 m. The pure water permeability of the membrane, (mRm)21 was 6.03 10211

21 21
 aPa s . Other solute properties are listed in Table I.
a-

ate

-
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quation can, in fact, result in qualitatively incorrect p
ictions of the dependence of permeate flux on solu
roperties like electrolyte concentration and particle cha
his limitation of the constant diffusivity model is illu

rated in Figs. 12 and 13, which depict the prediction
ermeate flux at different particle charge and backgro
lectrolyte concentration, respectively. In these figures
ashed lines were obtained using appropriate concentr
ependencies of the osmotic pressure corresponding to
lectrolyte concentration or particle charge, but usin
onstant Stokes–Einstein diffusion coefficient. The s
ines were obtained by additionally considering the con
ration dependence of diffusivity. It is evident from t
gures that the constant diffusivity model yields a qua
ively wrong prediction of the permeate flux decline beh
or, indicating that the permeate flux decreases with incr
ng repulsion between the solute particles. The vari
iffusivity model, however, predicts an entirely oppos
ehavior, indicating that an enhancement in interpar
epulsion (engendered by increasing the particle ch
umber or lowering the electrolyte concentration) result

n
al
n-
the
ce
d

nt
g

FIG. 12. Comparison of the predictions of the local variation of sc
ermeate flux in a cross-flow filtration unit obtained using concentr
ependent diffusivity (solid lines) and constant diffusivity (dashed lines) i
onvective diffusion equation for different particle charges. The memb
ermeability was 6.03 10211 mPa21 s21. The channel length was 0.5 m. T
perating conditions were fixed atDP 5 250 kPa,ġ 5 200 s21, T 5 298 K,

p 5 3 nm, andfb 5 0.001.
higher permeate flux.
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94 BHATTACHARJEE, KIM, AND ELIMELECH
.3. Influence of Particle Size on the Permeate Flux Dec

So far, we have considered a single particle size (r p 5 3 nm)
n all the calculations. In this section, the influence of par
ize on the extent of concentration polarization and the en
ermeate flux decline behavior is illustrated. When the par
ize increases, both the Stokes–Einstein diffusivity and
ulk osmotic pressure decrease. A decrease in the diff
oefficient should result in lower solute back transport, the
eading to severe concentration polarization. The osmotic
ure of a solution, on the other hand, increases nonlinearly
olute concentration and diverges at very high concentra
mplying that the permeate flux should be drastically lowe
t high membrane surface concentrations of the solute
les. The influence of particle size on the permeate flux de
s manifested as a coupled effect of these two properties
ombined influence of osmotic pressure and diffusion co
ient on the permeate flux decline becomes more com
hen the diffusion coefficient varies with solute concentrat
The effect of particle size becomes even more complic

n presence of long-range colloidal interactions, in which c
he range of the interaction relative to the particle size
lays a significant role in governing the extent of concentra

FIG. 13. Variation of the scaled permeate flux with scaled axial pos
n the cross-flow filtration cell predicted using variable and constant diffu
oefficient in the convective-diffusion equation. The predictions were obt
or a fixed charge numberzp 5 220 on the particles but for differe
lectrolyte concentrations as indicated in the figure. Operating condition
ame as in Fig. 12.
olarization and permeate flux decline. When the particle sizd
e

e
ng
le
e

on
y
s-

ith
s,

d
ti-
e

he
-

ex
.
d
e
o
n

s much larger than the range of the interaction energy
olution should behave somewhat like a hard-sphere sy
or smaller particles, however, the range of the interac
nergy will significantly influence the extent of osmotic pr
ure buildup and the variation of diffusivity. For instan
resence of long-range repulsion between the particles
esult in a rapid increase of diffusion coefficient and osm
ressure with particle concentration compared to hard-sp
al particles.
Typical predictions of the channel-averaged permeate fl
cross-flow filtration unit are depicted in Fig. 14 for differ

article size and electrolyte concentrations. The channel-
ged permeate flux was obtained from the local permeate
sing

^v& 5
1

L E
0

L

vw~ x!dx, [5.1]

hereL represents the channel length. The solid lines w
btained considering the concentration dependence of th

FIG. 14. Variation of the average permeate flux with particle radius
ard spherical (HS) and charged particles (at two different electrolyte co

rations) obtained on the basis of variable diffusivity (solid lines) and con
iffusivity (dashed lines) concentration polarization models. The oper
onditions are:DP 5 100 kPa, ġ 5 600 s21, T 5 298 K, andfb 5 0.01.
he membrane permeability and the channel length were fixed at 6.03 10211

Pa21 s21 and 0.5 m, respectively, in all the calculations. The particle ch
2

n
d

re
eensity was fixed at220 mC/m in all the calculations.
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95CROSS-FLOW MEMBRANE FILTRATION
usion coefficient in the convective-diffusion equation, w
he dashed lines were obtained for constant (Stokes–Ein
iffusivity. The concentration dependence of the osmotic p
ure and the diffusion coefficient were obtained for var
article radii (ranging from 1 to 7 nm) and a fixed part
urface charge density (q 5 zpe/4pr p

2) of 220 mC/m2.
Figure 14 indicates that the average permeate flux obt

sing a constant diffusivity in the convective diffusion eq
ion exhibits a maximum for particle size between 2 and 4
he average permeate flux also depends on the range

nteraction energy, as shown by the lower permeate flux
ower electrolyte concentrations. The decrease in permeat
ith increasing particle size is a standard feature of the
tant diffusivity model and is also observed using the tr
ional film theory (13). Experimentally observed permeate
or repulsive colloidal systems, however, generally incre
ith particle size (11, 13). The predictions based on vari
iffusivity (solid lines) are in qualitative agreement with th
xperimental trends. In this case, the permeate flux incr
ith increasing particle size and decreasing ionic stren
hese observations once again indicate that the conve
iffusion equation with a constant diffusivity may yield qu

tatively and quantitatively incorrect predictions of the per
te flux decline behavior.
The size range of the particles and the operating condi

sed to obtain the average permeate flux in Fig. 14
elected such that a cake does not form on the membran
he flux decline is solely osmotic pressure governed. In
alculations, it was assumed that as long as the particle vo
raction at the membrane surface was less than 0.55
ltration process could be considered as osmotic pre
overned. This was the case in all the flux predictions sh
ith the particle volume fraction being much less than 0.5

ower electrolyte concentrations. Based on the prediction
ig. 14, it is evident that the membrane surface concentra
nder a given set of conditions were much lower for
ariable diffusivity model than those for the constant diffu
ty model. This also implies that the enhancement of diffusi
an increase the domain of osmotic pressure governed
rane filtration. In other words, for a given solute part
ispersion, a cake (gel) layer would form at higher press
hen the diffusion coefficient increases with particle con

ration.

.4. Flux-Pressure Relationship for Concentration
Dependent Diffusivity

Figure 15 depicts the variation of the channel-avera
ermeate flux with operating pressure obtained using con
nd variable diffusivity in the convective diffusion equation
ifferent particle sizes. In these calculations, the opera
ressure range was selected to ensure that a cake layer d

orm on the membrane surface. Under these conditions

onstant diffusivity model predicts a nearly pressure-indepes
in)
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ent flux over the pressure range considered. Furthermor
ermeate flux becomes lower as the particle size is incre
he predictions based on concentration dependent diffus
re, however, pressure dependent, and increase margin

he particle size is increased. The figure also shows that
article radius of 7 nm, the permeate flux decline beha
sing constant diffusivity possibly becomes cake layer

rolled beyondDP 5 200 kPa, since above this pressure
article volume fraction at the membrane surface attain
aximum value of 0.55. The corresponding dashed lin

runcated at this pressure. The permeate flux obtained
ariable diffusivity, however, remains osmotic pressure g
rned up to considerably higher pressures as the mem
urface volume fraction remains substantially lower than
n this case.

6. SUMMARY AND CONCLUDING REMARKS

A comprehensive theoretical approach for predicting
nfluence of physicochemical interactions between solute
icles on the permeate flux decline during cross-flow memb
ltration of small colloidal or macromolecular solute partic
as been presented. The approach draws upon the in
quation theory of statistical mechanics to predict the solu

FIG. 15. Variation of the average permeate flux with operating pres
btained for different particle size. The particle charge density and backg
lectrolyte concentration were fixed at220 mC/m2 and 0.05 M, respectivel
ther operating parameters are same as in Fig. 14.
n-tructure (represented as the pair correlation function) using a
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airwise summation of the binary interactions between
olute particles. The resulting pair correlation function is u
n the virial equation of state and a theory of batch sedim
ation to predict the osmotic compressibility and the sedim
ation coefficient, respectively. The osmotic pressure and
mentation coefficient are then used to obtain the concentr
ependence of the diffusion coefficient. Incorporation of
oncentration dependence of osmotic pressure and diff
oefficient in the framework of the convective-diffusion eq
ion coupled with the osmotic pressure model for perm
ow leads to the prediction of permeate flux decline du
oncentration polarization.
It is important to consider the variations of diffusivity in t

onvective diffusion equation in order to predict the perm
ux decline behavior accurately. The variable diffusiv
odel is particularly necessary to elucidate the influence o
hysicochemical interactions between the solute particles
oncentrated dispersion on permeate flux decline. The pr
ions indicate an enhancement of permeate flux in presen
nterparticle repulsion. This is predominantly due to the
anced diffusive back-transport of solutes in the polar

ayer, which lowers the extent of concentration polarizat
onsequently, although the osmotic pressure buildup incr

n presence of large interparticle repulsion, the permeate
ay actually increase due to a less significant buildu
embrane surface concentration. The counteracting effe
smotic pressure and diffusion coefficient, however, limit
xtent of permeate flux variation attainable by changing
hysicochemical properties of the solution. This is eviden

ow electrolyte concentrations where, although both diffusi
nd osmotic compressibility are enhanced by factors of
00 at high volume fractions, the corresponding enhance

n permeate flux is relatively modest.
The approach presented here provides a significantly br

erspective of the influence of interparticle interactions on
olution properties in a polarized layer and the ensuing pe
te flux decline behavior. The unification of the continu
pproach for modeling concentration polarization and the

istical mechanical approach for predicting the thermodyna
nd transport properties provides a direct quantitative
etween the interparticle interactions and the permeate
ecline. As a consequence, the theoretical model pres
ere shifts the experimental focus in membrane filtration s

es from measurement of osmotic pressure and diffusion
cient to more fundamental measurements of the param
overning the interparticle interactions between the solute

icles.

APPENDIX A: NUMERICAL SOLUTION OF THE
ORNSTEIN-ZERNIKE INTEGRAL EQUATION

For radially symmetric interaction potentials, the correla
unctions in the OZ integral equation are radially symme

onsequently, the three-dimensional correlation functions c
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e expressed as one-dimensional functions of radial po
lone.
The Fourier transform of a radially symmetric functiong(r )

an be written as a one-dimensional sine transform (37)

g̃~k! 5 4p E
0

`

r 2g~r !
sin~kr!

kr
dr, [A.1]

he inverse transform being

g~r ! 5
1

2p 2 E
0

`

k2g̃~k!
sin~kr!

kr
dk, [A.2]

here the presence of a tilde denotes the Fourier transfo
unction. From Eqs. [A.1] and [A.2], it is clear that a functi
, defined as

F~r ! 5 rg~r ! [A.3]

an be Fourier transformed using any standard numeric
orithm for treatment of one-dimensional sine transforms.

owing is a brief description of the numerical technique
loyed in this study to solve the OZ equation with the PY
NC closures.
The real spacer (0 # r # gmax, wheregmax is a suitably

hosen large value) is discretized intoN intervals, the locatio
f each point being

r i 5 iDr , i 5 1, 2, . . . ,N, [A.4]

hereDr is the step size. The step size in the Fourier tr
ormed domain is related toDr as

Dk 5
p

NDr
, [A.5]

ith the discrete Fourier space variablek given by

kj 5 jDk, j 5 1, 2, . . . ,N. [A.6]

he discrete Fourier sine transform pair corresponding to
A.1] and [A.2] can now be written as

˜
j 5 4pDr O

i51

N21

Fi sinSpij

N D , j 5 1, 2, . . . ,N 2 1

i 5
Dk

2p 2 O
j51

N21

F̃j sinSpij

N D , i 5 1, 2, . . . ,N 2 1.
an [A.7]
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97CROSS-FLOW MEMBRANE FILTRATION
he above Fourier transformations can be performed u
iscrete sine transformation techniques that utilize fast Fo

ransforms (47).
Writing the various correlation functions asCi 5 r ici , Hi 5

ihi , andG i 5 r ig i , whereg i 5 hi 2 ci , the PY and HNC
losures are expressed as

Ci 5 r iFexpSG i

r i
D 2

G i

r i
2 1G [A.8]

nd

Ci 5 r iFexpS2bE~r ! 1
G i

r i
D 2

G i

r i
2 1G , [A.9]

espectively. Furthermore, Fourier transformation of the
q. [2.6] yields

G̃ j 5
nC̃j

2

kj 2 nC̃j

. [A.10]

Equation [A.10], along with an appropriate closure,
A.8] or Eq. [A.9], can be solved by a Picard iteration te
ique. The solution procedure starts with an initial guess o

unction G i . Substitution of this initial guess in the closu
quation provides an estimate ofCi , which is Fourier trans

ormed to obtainC̃j . Substitution ofC̃j in Eq. [A.10] provides
˜

j , which is back transformed to obtain an updated valu
i
(2). This new estimate ofG i is compared with the old es
ate. If the difference between the two values is less th
redefined convergence criterion at every point in ther space

he solution is assumed to have converged. Otherwise, a
eighted guess for the value ofG i is evaluated using

G i
(new) 5 vG i

~2! 1 ~1 2 v!G i, [A.11]

herev is a weighting parameter (0, v , 1). The use of a
ppropriate weighting parameter is a key to the success o
bove Picard iteration scheme. When the value ofv is set to 1

he solution often becomes oscillatory and fails to conve
onsequently a smaller value of the parameter is requ
hich ensures a stable, albeit slower, convergence. Onc
olution has converged, the pair correlation function ca
etermined using

gi 5 1 1 hi. [A.12]

The above numerical scheme is quite efficient in a
rocessor, and for the systems studied in this work, its re
re identical to those obtained from more sophisticated
ithms (48). It is important to note that the simple algorit

escribed here is suitable only when the interaction energy
g
er

Z
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e

f

a

ew

he
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lts
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elatively short ranged compared to the particle dimens
pplication of the algorithm for long ranged interactions (

nstance, in electrolyte systems interacting through unscre
oulomb potential) requires modifications to correct the lo

ange inaccuracies arising from the discrete Fourier trans
echniques (48). Details of such corrections are available
here (35, 48, 49).

APPENDIX B: NUMERICAL SOLUTION OF THE
VARIABLE-DIFFUSIVITY CONVECTIVE-

DIFFUSION EQUATION

The governing equations for concentration polarization w
olved using the method of lines (50). The convective-d
ion Eq. [2.1] was written in a nondimensional form as

­u

­X
5

z

Y F ­

­Y SF~u !
­u

­YD 2 P̂e
­u

­YG , [B.1]

sing the scaled variables

u 5
n

nb
, X 5

x

L
, Y 5

y

d
, P̂e5

vd

D`
, [B.2]

hereL andd represent the channel length and the thick
f polarized boundary layer, respectively. The parameterz is
iven as

z 5
LD`

ġd 3 , [B.3]

hereġ is the shear rate used to define the axial (crossfl
elocity profile as

u 5 ġy. [B.4]

he functionF(u ) denotes the concentration dependent pa
he diffusion coefficient and is expressed as

F~u ! 5
D~u !

D`
. [B.5]

Equation [B.1] was discretized in theY domain by employ
ng a finite difference scheme, thereby yielding a set of cou
onlinear ordinary differential equations (ODEs) in theX do-
ain. The general form of the ordinary differential equation

uk

dX
5

z

Yk
H 2

~hk11 1 hk!
FFSuk11 1 uk

2 D ~uk11 2 uk!

hk11

2 FSuk 1 uk21

2 D ~uk 2 uk21!

hk
G 2 P̂e

~uk11 2 uk21!

~hk11 1 hk!
J .
is [B.6]
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ere,u k represents the scaled concentration at the finite
erence pointk, where the localY is represented byYk. The
bove finite difference formula employs a nonuniform grid
hould be noted that the functionF(u ) was quasi-linearize
ver each finite difference intervalhk (5 Yk 2 Yk21) (47). The
et of coupled ordinary differential equations represente
q. [B.6], along with the appropriate boundary conditi
btained using the discretized forms of Eqs. [2.2] and [2
ere solved using a backward difference predictor–corre
ethod which is suitable for stiff ODEs (51).
The boundary layer thicknessd must be known a priori t

btain a solution of the above system of equations. A con
ative estimate of the latter may be about 10–20% of
alf-channel height (52, 53). Using a larger value ofd does no
lter the concentration profile, although lower values of
arameter may result in erroneous predictions of the con

ration profile and the permeate flux depending on other o
ting conditions. In this study,d was ascertained by assum

hat the concentration profile becomes flat (that is, the slo
he concentration profile du/dY 3 0) at y 5 d. In the
omputer implementation, the value ofd was increased un
he slope aty 5 d became smaller than a preset limite.

APPENDIX C: NOMENCLATURE

Hamaker constant (J)
ij , Bij hydrodynamic interaction parameters used in

[2.10]
i coefficients used in Eq. [4.4]
EL electrolyte concentration (M)
(r ) direct correlation function

gradient diffusion coefficient (m2/s)
` Stokes–Einstein diffusivity (m2/s)

pair interaction potential (J)
electronic charge (1.63 10219 C)

(u ) concentration dependent part of diffusivity given
Eq. [B.5]

(r ) pair correlation function (radial distribution functio
ss9(r ) Boltzmann distribution function
(r ) total correlation function
k finite difference step size atkth node

sedimentation coefficient
Boltzmann constant (1.383 10223 JK21)
length of crossflow filtration channel (m)

A Avogadro number (6.0233 1023)
particle concentration (m23)

e local Peclet Number
ˆe Peclet Number in membrane filtration channel,

[B.2]
charge density (C/m2)
scaled radial distance (r /s)

m membrane hydraulic resistance (m21)
radial position
p particle radius
f-

t

y
s
],
or

r-
e

s
n-
r-

of

.

.

scaled distance (r /r p)
temperature (K)
cross-flow velocity (m/s)

( x) transverse velocity of the permeate (m/s)
0 pure solvent flux (m/s)
w permeate flux (m/s)
v& average permeate flux (m/s)

dimensionless axial distance, Eq. [B.2]
axial direction in a crossflow filtration unit
dimensionless transverse distance, Eq. [B.2]
transverse direction in a crossflow filtration unit
osmotic compressibility
valence of background electrolyte

p particle charge number

reek Symbols

exponent in Eq. [2.8]
1/kT (J21)

˙ shear rate (s21)
(r ) h(r ) 2 c(r )

˜ Fourier transformedg(r )
polarized layer thickness

0 dielectric permittivity of vacuum (8.8543
10212 C2N21 m22)

r relative dielectric permeability of solvent
particle volume fraction

21 Debye screening length (m)
solvent viscosity (N s m22)
osmotic pressure
dimensionless concentration defined in Eq. [B.2]
particle diameter

o osmotic reflection coefficient
weighting factor in Picard iteration technique
dimensionless parameter in Eq. [B.3]

ubscripts

bulk solution
L electrolyte

membrane surface
permeate
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