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Abstract

Hollow fiber membranes are widely used for unit processes in wastewater treatment, including

(submerged) membrane bioreactors. Interfacial fouling on the fiber surfaces, often caused

by small fiber diameters, is controlled, using energy-intensive bubble blowers. A new cost-

effective paradigm is to reciprocate submerged cassettes that carry hollow fibers undergoing

hydrodynamic shear stresses. Oscillation dynamics of flexible fibers seems to be a challenging

investigation because fluid-fiber hydrodynamic interactions need to be rigorously formulated

while applying the wave equation is precluded. As the order-of-magnitude estimation of

mechanical stresses on moving fibers is of great interest, we assumed that a hollow fiber can

be mathematically modeled as a chain of many connected spheres of an order of O (103),

having the chain length and sphere diameter set equal to those of identical fibers. Holonomic

and non-holonomic constraints are implemented to keep spheres from dispersing and the

dissipative hydrodynamics, and to satisfy the position-velocity orthogonality. Hydrodynamic

interactions were calculated using the grand-mobility matrix of poly-dispersed spheres, and

the constraint forces are implemented using an updated algorithm of Hydro-Rattle [Kim,
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Chemistry Letters, 41(10):1285–1287, 2012]. Dynamic locations of the highest mechanical

stresses are identified, and practical suggestions for the optimal, long-term operations of the

cassette-reciprocating process are included.

Keywords: Submerged hollow fibers, Low Energy No Aeration process, Chain Dynamics,

Hydro-Rattle algorithm, Dissipative Hydrodynamics
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1. Introduction

For municipal and industrial wastewater treatment, membrane bioreactor (MBR) is

widely used as a combined process of membrane separation processes such as microfiltra-

tion/or ultrafiltration and biological wastewater treatment [1–6]. As interstitial spaces be-

tween packed fibers are of the same order as the fiber thickness [7], membrane fouling due5

to the accumulation of chemical and biological (solid) materials on fiber surfaces has limited

the MBR performance of wastewater treatment. A recent advance of the MBR process in-

cludes co-processing with forward osmosis [8], of which flux discrepancy is partially solved

by introducing the interfacial porosity [9]. Hollow fiber (HF) membranes are often preferred

in many MBR applications due to the high packing ratio from small strand diameter, flexi-10

bility of fiber configurations, availability of backwashing [10], and chemical resistance to high

total suspended solid concentrations. A standard cleaning or fouling-reduction method is to

diffuse small bubbles using blowers from the bottom of the vertically packed membranes [11–

15]. However, steady generation and distribution of small, equal-sized bubbles are usually

costly.15

Theoretical and numerical studies of MBR processes are often challenging, as the pro-

cesses contains physical, chemical, biological, and fluid dynamic phenomena in a strongly

coupled way at multiple length and time scales. HF modeling studies for MBR application

include: CFD of aeration influenced by module design [16], energy analysis and optimiza-

tion of HF MBR for gas-liquid mass transfer and recovery [14, 17], and optimal module20

configurations for efficient bubble cleaning for HF MBR [18, 19]. The aeration has been

widely used to mitigate membrane fouling, by producing small bubbles at the bottom of

HF membrane bundles installed in submerged MBR systems. Floating bubbles physically

interact with accumulated particulate materials and hinder further deposition on outer HF

membrane surfaces. Smaller bubble sizes are required to maximize the efficiency of bub-25

ble dynamics, which requires high electricity consumption. Because real-time identification

and removal of foulants in MBR processes are often difficult due to unsteady variation of
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feed compositions and concentrations, it is fundamentally questionable that instantaneous

bubble-size optimization can significantly reduce HF surface fouling to a certain degree while

HFs are not rigidly fixed, being submerged in MBR tanks. Unless fibers are well-positioned,30

vertically moving bubbles may generate preferential bubble-flow between biased interstitial

spaces between fibers.

A new mechanism of fouling reduction was recently proposed by the membrane industry,

which is to reciprocate the attached HF bundles on cassettes using a motor and crank to

generate a wavy, oscillatory motion of hanging fibers in an MBR tank. The relative motion of35

the cassettes to the fluid generates shear forces on attached foulants and therefore reduces,

minimizes, and prevents contact probabilities of suspended solids on membrane surfaces.

This new method is called Low Energy No Aeration (LENA) as shown in Fig. 1, which was

recently developed by Kolon Industry in South Korea. Counter-intuitively, LENA consumes

25% less energy than MBR systems that use conventional bubble blowers. A potential40

concern is the mechanical stability of the HFs attached to cassettes in periodic reciprocation

dynamics.

Within state-of-the-art computational advances, dynamics of the long, flexible fiber under

the viscous flow field is challenging work [20–22]. Although the fiber motion resembles a wavy

oscillatory motion (e.g., of a musical instrument like guitar strings), the finite fiber length45

precludes the wave equation as a governing equation, and mandates sophisticated theoretical

and simulational approaches. In this light, we mimic the flexible HF (under periodic motion)

as a linear collection of linked spheres, i.e., a particle chain, by incorporating constrained

dynamics under dissipative hydrodynamics [23]. Forces exerted on small local segments of

a HF, including gravitational, hydrodynamic, and constraint forces, are calculated as those50

acting on a sphere whose diameter is equal to that of the fibers’ outer diameter. Based on

the simulation results of force calculations, several suggestions for HF manufacturing and

operating cassette reciprocating are provided.
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2. Theory and Simulation

A single HF motion of reciprocation is modeled, using the algorithm developed in this55

section. Two necessary conditions for a fiber to be met are the mechanical flexibility and

the finite length: the former precludes using the wave equation, and the latter initiates the

equivalency between a flexible fiber and a particle chain.

2.1. Constrained Dynamics

Constrained molecular dynamics has been widely used to model rigid bodies of non-60

spherical shapes, which include bonded and compound molecules. In general, constraint

equations are determined, such as center-to-center distance or their torsion angles between

two volumeless molecules. Because these constraints should be satisfied at any time t, they

are included in the potential function of the entire particulate system. The spatial derivative

provides the constraint forces. These constraint forces include unknown parameters, called65

Lagrange multipliers, which are calculated instantaneously at time t to maintain the chain

connectability. A vector sum of the external and constraint (internal) forces allow the non-

spherical rigid bodies to move, keeping their geometrical configurations. Two representative

algorithms to solve the constrained dynamics problems are SHAKE [24] and RATTLE [25].

As the review of constrained dynamics is out of our research scope, we discuss only the70

theoretical aspect of how the RATTLE algorithm is combined with the standard dissipative

hydrodynamics [23, 26], including some detailed advances of this work.

2.2. Forces

2.2.1. Constraint forces

A HF membrane of length lf and diameter df is modeled as a chain of Np spheres of the

same diameter. Sphere k is characterized using its radius ak = 1
2
df , volume 4π

3
a3k, and mass

mk

(
= 4π

3
a3kρk

)
, where ρk is the solid mass density of the sphere. During the motion of the

chain, center-to-center distance between sphere k and k + 1, denoted dk,k+1, for k = 1 to
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Np − 1 is maintained invariant at any time t:

σk = (rk − rk+1)
2 − d2k,k+1 = 0 (1)

dk,k+1 = ak + ak+1 + ds (2)

where ds is the surface-to-surface distance between the two neighboring spheres, often set75

zero. Because the HF has a uniform thickness, spheres are considered as mono-dispersed,

i.e., ak = ak+1 = af = 1
2
df , having constant mass density of ρk = ρp. Sphere k connected to

k + 1 and k − 1 in the chain is shown in Fig. 2.

In the motion of connected spheres, sphere k experiences the external (i.e., unconstrained)

as well as the constraint forces simultaneously. The external forces include the conservative80

gravitational force and the dissipative hydrodynamic interactions. The constraint forces

are instantaneously generated, as responses to all unconstrained forces, to satisfy Np − 1

geometrical conditions of Eq. (1). To investigate the dynamic phenomena of the long

chain, we improved the hydro-rattle algorithm [23] and performed the many-body constrained

dissipative hydrodynamics (CDHD) simulations.85

First of all, the unconstrained and constraint forces are described as

f ∗k = mka
∗
k (3)

and

f ck = mka
c
k = −∇kΦ

c (4)

respectively, where a∗k and ack are unconstrained and constraint accelerations of particle k,

respectively. The constraint force of Eq. (4) is obtained using a potential function, defined

as90

Φc =
1

2

Np−1∑
k=1

λkσk (5)

where the coefficient 1
2

is included by convention and λk is the Lagrange multiplier that will

6



be instantaneously calculated at time t. Using the definition of f ck = −∇kΦ
c, one calculates

the constraint force exerted on sphere k, connected to sphere k − 1 and k + 1, as

mka
c
k = λk−1 (rk−1 − rk)− λk (rk − rk+1) (6)

where the Lagrange multipliers λk−1 and λk for sphere k are determined to maintain the

sphere connectability. Because the total acceleration of sphere k is a vector-wise superposi-

tion of unconstrained and constraint accelerations, i.e., ak = a∗k +ack , the velocity of sphere

k evolves from vk (t) to that of the next time step t+ = t + h with a time interval h in two

steps:

v∗k
(
t+
)

= vk (t) + ha∗k (7)

vk
(
t+
)

= v∗k
(
t+
)

+ hack (8)

where v∗k (t+) is the unconstrained evolution of the velocity from time t to t+h. Sphere k of

velocity vk at time t will have a new velocity v∗k (t+) after time h, driven by the unconstrained

acceleration a∗k and will secondarily evolve to vk (t+) by the holonomic constraint acceleration

ack. Similarly, the position of sphere k, rk (t), changes from time t to t+:

r∗ik
(
t+
)

= rk (t) + hvk (t) + 1
2
h2a∗k (9)

rk
(
t+
)

= r∗k
(
t+
)

+ 1
2
h2ack (10)

where r∗i (t+) is the unconstrained evolution of ri (t). Eqs. (7) and (9) mathematically imply

the sequential time-evolution of the velocity and position, respectively, by the unconstrained

forces first and constraint forces later. After the time evolution under the net forces, the

constraint Eq. (1) should be satisfied for sphere k such that

[
∆r+k,k+1

]2 − d2k,k+1 = 0 (11)
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where

∆r+k,k+1 = rk
(
t+
)
− rk+1

(
t+
)

= ∆r∗k,k+1 + h2

2
∆ack,k+1 (12)

is the relative position of sphere k with respect to k + 1, and

∆ack,k+1 = λk−1m
−1
k ∆rk−1,k + λkm

−1
k+1∆rk,k+1 − λkµ−1k,k+1∆rk,k+1 (13)

is the relative constraint acceleration of sphere k, where µk,k+1 =
(
m−1k +m−1k+1

)−1
is the95

reduced mass. Substitution of Eqs. (12) and (13) in (11) gives

λkh
2 =

(
∆r′k,k+1

)2 − d2k,k+1 +
λ2kh

2

4µk,k+1
(∆rk,k+1)

2

µ−1k,k+1∆r
′
k,k+1 ·∆bk,k+1

(14)

where

∆r′k,k+1 = ∆r∗k,k+1

(
t+
)

+ h2

2
m−1k λk−1∆rk−1,k (t) + h2

2
m−1k+1λk+1∆rk+1,k+2 (t) (15)

indicates the unconstrained position evolution of ∆r∗k,k+1 and constrained evolution repre-

sented using the Lagrange multipliers. Eq. (14) is quadratic for λk, which uses unknown

values of λk−1 and λk+1 at time t. Instead of solving a linear system of tridiagonal matrix

of λk, one can use initially guessed or well-educated values of λk−1, λk, and λk+1 to evaluate100

the right-hand side of Eq.(14) and update λk on the left-hand side. While λk is iteratively

updated until it converges to a constant value within a tolerable error, λk−1 and λk+1 are

maintained fixed. A simpler version of Eq. (14) is one that was previously used [23]:

λkh
2 '

(
∆r∗k,k+1

)2 − d2k,k+1

µ−1k,k+1∆r
∗
k,k+1 ·∆bk,k+1

(16)

that neglected higher order terms of h2 in Eq. (14). Eq. (16) is straightforward to numerically

update λk from time stem t to t+, but neglecting the higher order terms may slow down the105
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iteration processes, and therefore cause lower converging efficiency.

After positions of all the spheres are found at time t+ under the influence of both the

constraint and unconstrained forces, the linear velocities need to be corrected by the orthog-

onality condition:

(rj − rj+1) · (vj − vj+1) = 0 (17)

which is obtained by differentiating holonomic constraint Eq. (1) with respect to time. The

evolution of velocity is calculated as

vj
(
t+
)

= ṽj
(
t+
)

+ hanj (18)

ṽj
(
t+
)

= vj (t) + h
(
a∗j + acj (t)

)
(19)

after the holonomically constrained evolution of position and velocity of Eqs. (7)-(10), which110

satisfies Eq. (1) at an arbitrary time t. In other words, sphere j is accelerated externally

by a∗j of Eq. (7), holonomically by acj of Eq.(8), and then non-holonomically by anj of

Eq. (18). In this section, we used sphere indices k and j to distinctly discuss the holonomic

and non-holonomic constraints, respectively, without implementing any new physical aspect.

Although the constraint forces satisfy the holonomic constraint, it does not guarantee that115

the orthogonality condition is also met. Therefore, similar to the constraint acceleration ack,

the non-holonomic acceleration anj is originated from Eq. (17):

anj = κj−1 (rj−1 − rj)− κj (rj − rj+1) (20)

and furthermore,

∆anj,j+1 = m−1j ∆rj−1,jκj−1 +m−1j+1∆rj,,j+1κj+1 −
(
m−1j +m−1j+1

)
∆rj,,j+1κj (21)

where κ is a new Lagrange multiplier to satisfy the orthogonality Eq. (17), indicating that

the scalar product of relative position and relative velocity between two adjacent spheres is
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always zero. Then, we calculate the relative velocity of sphere j with respect to j + 1 that120

satisfy Eqs. (1) and (17) as

∆vj,j+1

(
t+
)

= ∆v′j,j+1 − h2

2
κjµ

−1
j,j+1∆rj,j+1 (22)

where

∆v′j,j+1 = ∆v∗j,j+1 + h2

2
m−1j ∆rj−1,jκj−1 + h2

2
m−1j+1∆rj,,j+1κj+1 (23)

is the relative velocity under the influences of unconstrained evolution and orthogonal con-

straints with the two touching neighbors. Using the similar approach to obtain λk of Eq.

(14), one derives an expression for κk using an identity ∆r+k,k+1 ·∆rk,k+1 = d2k,k+1:

hκk =
∆r+i,i+1 ·∆v′i,i+1 (t+)

µ−1k,k+1d
2
k,k+1

(24)

where ∆r+j,j+1 can be obtained after the holonomic constrained dynamics. An approximate125

version of Eq.(24) is used in our previous study [23] as

hκk =
∆ri,i+1 ·∆v∗i,i+1 (t+)

µ−1k,k+1d
2
k,k+1

(25)

after truncating the higher order terms of h2, equivalently by using ∆v′k,k+1 (t+) ' ∆v∗k,k+1 (t+).

In simulations of specific cases, we used Eqs. (14) and (24) to calculate the constraint forces

at arbitrary time t with the maximum efficiency of the iteration convergence. But, their

run-times are not compared with those of using conventional Eqs. of (16)and (25), because130

the current research focuses on HF motion and transient forces/torques exerted on local

positions of the fiber, instead of comparing numerical algorithms.
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2.2.2. Unconstrained and dissipative forces

The gravitational force acting on spheres is an external conservative force that causes con-

stant acceleration in the vertical direction. Hydrodynamic forces as well as torques between

spheres in a viscous fluid are intrinsically tensor-wise and dissipative. These unidirectional

gravity and tensor-wise hydrodynamic interactions are considered as unconstrained and ex-

ternal as opposed to the internal constraint forces. A chained sphere j experiences a net

force as a sum of the gravitational and buoyant forces:

F E
j = ∆mjg (26)

∆mj = mj −mf (27)

where mf = 4π
3
a3jρf is the mass of fluid element of density ρf of the same volume of sphere

j. The many-body hydrodynamic forces exerted on sphere j of linear and angular velocities135

of vj and ωj, respectively, are described as


U∞ − vj

Ω∞ − ωj

E∞

 =

Np∑
k=1


ajk b̃jk g̃jk

bjk cjk h̃jk

gjk hjk mjk

 ·

FH
k

TH
k

SHk

 (28)

where
[
FH
k ,T

H
k ,S

H
k

]tr
is a column vector of hydrodynamic force, torque, stresslet, exerted

on sphere k in the presence of other particles, and the matrix multiplied to
[
FH
k ,T

H
k ,S

H
k

]tr
is called the grand mobility matrix, denoted as M∞ [27, 28]. The sub-matrices in Eq. (10)

are classified as the second-rank tensors (ajk, bjk, and cjk), third-rank tensors (gjk and hjk),140

and fourth-rank tensor (mjk), which obey the symmetry relationship obtained by Lorentz’s

reciprocal theorem.

In the microhydrodynamics of finite-sized spheres, the disturbance velocity around the
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surface Sj of sphere j, is given as

vD (rj) = U∞ + Ω∞ × x+E∞ : x for x ∈ Sj (29)

where U∞, Ω∞, and E∞ are the unidirectional velocity, vorticity, and the rate of strain at rj,145

respectively, of the ambient flow field [27, 28]. In out case, the fluid is stationary, while the

HF bundle is periodically moving back and forth in the horizontal direction. Therefore, we

set [U∞, Ω∞, E∞] = [0,0,0]. The hydrodynamic forces and torques acting on Np spheres

are calculated by solving the linear system of Eq. (28), given set of {vi,ωi} for i = 1 to Np.

2.2.3. Overview of forces and underlying conditions150

In this section, we briefly discuss the applicability and limitations of DHD modeling

methods, applied to hollow fiber membrane filtration.

Dominant Forces. The dynamics of rigid particles in an unsteady, non-uniform flow is a

challenging topic in science and engineering. Microhydrodynamics of particles in viscous

fluids requires an in-depth understanding of fluid dynamics, particle motion, and particle-155

fluid interactions. Reynolds number is often used to classify this fundamental problem into

several categories. To the best of our knowledge, the available literature is limited to the

hydrodynamics of multiple particles in a low Reynolds number regime, the inertial motion

of a single spherical particle in unsteady flows of high Reynolds numbers, and the multi-

physics turbulent flows often including heat transfer phenomena. An equation of motion for160

a single sphere in an arbitrary flow consists of driving forces of various origins, which include

[29]: the gravitational/buoyant force FG, Stokes’ drag force F S proportional to the particle

velocity relative of the undisturbed velocity u and its Laplacian; velocity gradient force

F u (∝ Du/Dt), described using the substantial gradient of u in Eulerian picture; added

mass force Fm, including the inertia of the relative velocity and the Laplacian of u at the165

center of the particle in its imaginary absence; and finally the Basset history term FB [30],

influencing the history of the particle’s relative acceleration to the particle’s current motion.
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When constraint forces are included, the significance of individual forces described above

varies.

Viscous Forces versus the Basset History Force. We incorporate the dissipative hydrody-170

namics (as a poly-disperse extension of the Stokesian dynamics) with the RATTLE-based

constrained algorithm to simulate the flexible motion of connected spheres. In the present

hydrodynamic circumstances, we adopted reasonable approximations as follows. The gra-

dient force F u of the undisturbed velocity u is negligible because the fiber moves initially

in a stationary ambient fluid and the fluid motion due to the fiber’s translational motion is175

secondarily induced. The added mass force Fm is also discarded by estimating the equiva-

lent frequency ωs for the Stokes’ drag as compared to the oscillation frequency ω listed in

Table 1. We let the particle velocity and acceleration have approximate magnitudes of apωs

and apω
2
s , respectively, and calculate the representative frequency as ωs = 6πµap/mf where

mf = 4π
3
a3pρf is the fluid mass occupying the particle volume. We estimate ωs as least one180

order of magnitude larger than the rack oscillation frequency ω. Finally, we assume that the

Basset history force FB [30], requiring the time integration of the relative acceleration from

t = −∞, is insignificant because the individual particle trajectory is primarily governed by

the hydrodynamic drag and constraint forces.

Model Applicability to a Long Fiber. Stokesian dynamics incorporate the far-field approxi-185

mation’s grand mobility and updates its inverse matrix by adding pair-wise resistance sub-

matrices. Stokesian dynamics’ accuracy is improved from the vector-wise drag force applied

to individual particles to the tensor-wise many-body forces/torques. Applications of But

Stokesian dynamics is, however, limited to a low particle Reynolds number. Therefore the

governing equation of Stokesian dynamics does not include all the forces described above,190

except the gravitational/buoyant force. To the best of our knowledge, the holonomic con-

straints were barely studied in hydrodynamics literature of colloids and nanoparticles, used

for the microhydrodynamics, to maintain multimers’ geometrical properties (such as dimers,

trimers, and small aggregates and chains) invariant at any time t. By incorporating the
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basic formalism of Stokesian dynamics, the present study applies dissipative hydrodynamics195

to investigate the absolute and relative significance of the tensile and compressive forces

exerted on each of Np spheres forming a long change.

Fluid-Solid Interaction. The governing equation for the constrained motion of spheres follows

the essential condition of the Stokesian dynamics that the fluid is stationary, the particle

Reynolds number is small, and the fluid-particle interactions are negligible. Because the200

fiber-forming spheres move primarily in ±x direction, the sum of individual particle’s linear

momentum is finite. Therefore, the periodic fiber motion induces fluid motion to cancel out

the moving fiber’s linear momentum. Although the fluid-solid interactions are seemingly

significant, the fluid motion responsively to the fiber motion must follow similar oscillatory

patterns, of which the mean linear momentum is negligible. On average, we assumed that205

the drag forces exerted on the moving fiber are not sensitively influenced by the fluid-solid

interactions.

Effects of the Initial Configuration. In this MBR application, the fiber motion can be seen

as forced oscillation led by the reciprocating rack. The moving rack determines two end-

positions of the fiber at any time t, anchored to the rack’s bottom and ceiling. The gravi-210

tational force acting on Np spheres is externally applied, but the accumulated gravitational

compression is transferred through neighboring spheres in contact. Because the hydrody-

namic forces/torques are tensor-wise interactions, horizontally pulled spheres (as parts of

the chain) can experience vertical lifting forces and, at the same time, transmit less gravita-

tional compression to its touching neighbors. In summary, the viscous drag force dissipates215

the fiber’s kinetic energy, produced by the motored rack motion. The hydrodynamic drag

and gravitation are balanced with the constraint forces that make the history effect less crit-

ical. In this case, the specific fiber structure is almost instantaneously formed because the

hydrodynamically dragged chain responds to the compressive and tensile forces by developing

the constraint forces. Therefore, the effects of initial configuration on the dynamic chain’s220

time evolution seem negligible, as observed in this software package’s developing phase.
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Effects of the Permeate Flux. The suction pressure (of maximum 1 atm) can indeed generate

the permeate flow from the exterior to the hollow fiber’s interior. In most HF membrane

separations, the flux is an order of 1 to 10 µm/s, which is at least three to four orders of

magnitude smaller than the rack speed. The interior is already filled with pre-penetrated225

water so that the permeate flow entering the fiber’s lumen spaces does not influence the

mechanical properties of the fiber during the reciprocating motion. Therefore, we assume

that the permeate flux neither alters the no-slip boundary condition on the fiber surfaces

nor change the disturbance flow-field outside the HF membrane.

2.2.4. Grand governing equations230

Many-body interactions using Stokesian dynamics. The grand governing equation for the

motion of sphere j is then written as

 mj 0

0 Ij


 aj

αj

 =

 FH
j

TH
j

+

 F E
j

0

+

 F C
j

0

 (30)

where Ij = 2
5
mja

2
j is the mass moment of inertia of sphere j,

[
FH
j ,T

H
j

]tr
is the hydrody-

namic force/torque obtained by solving Eq. (28),
[
F E
j , 0

]tr
and

[
F C
j , 0

]tr
are external and

constraint forces, respectively. Therefore, Eq. (30) can be considered as multi-sphere, tensor-235

wise Langevin’s equation for multiple spheres in a viscous fluid. Because the external and

constraint forces are the central forces, their torques do not exist, but the hydrodynamic

torque TH in Eq. (28) influences the linear velocity v through the grand mobility matrix

for the Np connected spheres.

Variable Time Step. Substitution of the linear and angular acceleration of Eq. (30) into240

the time evolution equations requires a specific value of the time step h. We determined

the time step by trial and error to limit the maximum displacement within a one-time step

as a fraction of the particle radius. We determined the initial value of h of an order of

O (10−5) s as a well-educated guess estimated by precedent trial simulations. Throughout
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simulations, h had a range from 10 to 20 microseconds and the total number of time steps245

ranges from 10K to 20K per reciprocation period. During simulations, the maximum force

Fmax (in magnitude) exerted on one of Np particles was recorded, and h was intermittently

adjusted by keeping the maximum distance traveled by a particle from time t to t+ h much

smaller than the particle radius: Fmaxh
2/2m � ap. During simulations, h was initially set

small enough and adjusted gradually. The purposes of using this variable h is not only to250

minimize the error accumulation but also to maintain the numerical convergence during the

iterative calculations of Lagrange multipliers λ and κ.

2.3. Simulations

2.3.1. Hollow fiber configurations

Table 1 shows specific simulation parameters that represent the real application of the255

HF dynamics in a membrane bioreactor. Two representative HF lengths, i.e., lf =1,000 mm

and 2,000 mm long, are modeled in this study. Here, stack ratio Rst is defined as

Rst = 1− H

lf
(31)

where H is the stack height, i.e., the surface-to-surface distance between the top and bottom

plates of the rack. In this study, the stack ratio Rst is set as 0.2%. The rack oscillation is

characterized using frequency ω = 0.46 Hz and amplitude A (the maximum displacement of260

the stack in each side) set as 6.0 % of the stack height, i.e., A = 0.06H. The fiber material

of thickness af −bf consists of the solid and void parts and their relative portion is described

using the fiber porosity ε. While the HFs are used for membrane separation, the rejection

of suspended solids occurs on the outer surfaces of the fibers. Due to the pressure gradient

from the shell to the lumen regions of the fiber, water occupies the cylindrical lumen space265

and the porous spaces of the fibers. Hence, per length, mass of a submerged fiber consists

of solid mass of the fiber and water mass inside the lumen and porous spaces. In our study,

a cylindrical segment of the long HF of length 2af and thickness af − bf is replace by a solid
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sphere of radius af of the equal mass, as shown in Fig. 3.

Then, we let ms as the mass of a water-filled fiber segment of length and diameter of

both 2af , it is

ms = 2af
[
πb2fρw + π(a2 − b2) · ρ̄f

]
(32)

ρ̄f = ερw + (1− ε) ρs (33)

where ρw and ρs are densities of solvent (water) and the solid part of the fiber material270

(excluding the void spaces), and ρ̄f is the effective density of the HF, whose void and lumen

spaces are filled with water. We also define mp as mass of the equivalent sphere of radius

af , such that

mp =
4π

3
a3fρp (34)

where ρp is the mass density of the equivalent sphere. By equating Eqs. (32) and (34), we

have

ρp = spρw (35)

sp =
3

2

[
b̂2 + (1− b̂2) · s̄f

]
(36)

where b̂ = bf/af is the ratio of the inner to the outer radius of the HF, and s̄f = ρ̄f/ρw and

sp are specific gravity of the water-filled HF of thickness af − bf and that of the equivalent275

sphere, respectively.

Table 2 shows material properties of polyvinylidene fluoride (PVDF) and polyethylene

terephthalate (PET) membranes and their equivalent spheres. The solid mass density of

PVDF is higher than that of PET, but the HFs made of PVDF is much thinner than that

of PET. Having the similar porosity ε = 65.0 %, the equivalent spheres of PVDF and PET280

have almost equal mass, i.e., ∼ 7.0 mg, and hence equal specific gravity, sg.
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2.3.2. Stack oscillation

A HF is modeled as a chain consisting of Np spherical particles. All the spherical particles

forming a chain has the same radius i.e., a1 = a2 = · · · = ak = · · · = aN , denoted as ap and

set equal to the fiber’s outer radius af . The first and the last particles of index 1 and Np,

respectively, are attached to the bottom and top surfaces of the moving rack, respectively.

The coordinates of sphere 1 and Np are assigned as

r1 = (A (1− cosωt) , 0, 0) (37)

rN = (A (1− cosωt) , 0, H − 2ap) (38)

from which, their velocities and accelerations are calculated as

v1 = vN = (Aω sinωt, 0, 0) (39)

and

a1 = aN =
(
Aω2 cosωt, 0, 0

)
(40)

respectively.

2.3.3. Sample simulation using short chains

In this section, we use a short sample fiber, consisting of Np = 100 spheres, as shown285

in Fig. 4, to illustrate the dynamic system. Full-scale simulation results are discussed in

the following sections. The bottom and top plates consist of a 13 by 7 array of spheres,

as shown in Fig. 4(a) and (b), having twice the radius of the unit spheres belonging to

the chain. These plates represent surfaces of the moving rack and provide hydrodynamic

shear stresses on spheres near the plates [26]. The total number of particles is, therefore,290

Np (= 100) + (7× 13) × 2 = 282, where the Np value will be replaced by 500 and 1,000

for 1 and 2 meter long HFs, respectively. Particle 1 and 100 are, in principle, moving at
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the same velocity of the bottom and top plates, described using Eq. (39). Specifically,

Fig. 4(a) shows the overview of the initial state (at t = 0) for the 100 spheres, forming a

highly skewed triangular shape. The center of the chain is positioned at the slight left-hand295

side of the vertical z-axis (marked in blue). Fig. 4(b) shows a fiber shape at a short time

later (t = 0.0783 s = 0.0360 τ), where the top and bottom halves of the chain passed and left

behind the fixed z-axis, respectively. The hydrodynamic force initially exerted on the chain

pulls forward the top-half of the chain, while the gravitational force pushes the bottom-half

of the chain slightly behind the moving front.300

Spheres as continuous segments of fibers experience the hydrodynamic drag forces on the

horizontal direction and cumulative gravitational forces transmitted through the holonomic

constraints of the nearest neighbors in the downward direction. Figs 4(c) and (d) show closer

views of (a) and (b), respectively. Individual sphere colors are to visually track the dynamics

of each sphere. On each sphere, six small dark tips are attached to visually investigate neg-305

ligible angular motion of spheres using consecutive snapshot images and animation movies.

Although this chain of 100 spheres show the representative motion of a hanging HF, we

found that this chain is not long enough to show physically meaningful turning effects on the

fiber hydrodynamics. On the other hand, the visualization of the longer chains is challenging

because their aspect ratio, i.e., length divided by diameter, is extremely large, which is equal310

to the number of spheres, Np. In simulations of realistic cases, as listed in Table 1, local

force/torque distributions are discussed in detail without the chain visualization.

3. Results and Discussion

3.1. Overview

In this section, computational hydrodynamics results are discussed for the dynamics of315

chains of 500 and 1,000 spheres for 1.0 m and 2.0 m long HF membranes, respectively. Spe-

cific parameters used are listed in Tables 1 and 2. The goal of this computational study is

to investigate specific forces applied to local segments of the HF, represented as a connected
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chain of individual, equal-sized spheres. As noted above, the types of forces acting on each Np

spheres include the gravitational (external and conservative), hydrodynamic (external and320

dissipative), and constraint (internal with a zero resultant) forces. The calculation of the

gravitational force acting on each sphere is straightforward. The accumulation of the down-

ward force is through the holonomic constraint, and the sphere chain forms a force chain [31].

Computation of many-body hydrodynamic tensors, i.e., creating the grand mobility matrix

and solving the linear system, often requires high-performance hardware systems with large325

memory required. Each constraint force is primarily developed to maintain the shape of the

sphere-connecting chain but often strong enough to provide mechanical stresses on the fiber.

On the other hand, the evaluation of the constraint forces requires a significant amount of

computational resources for the iterative convergence of the Lagrange multipliers of λj and

κj for j = 1 to Np of the holonomic and non-holonomic constraints of Eqs. (1) and (17),330

respectively. Calculation of λ vector of Np elements means simultaneously satisfying all the

holonomic constraints of Eq. (1) using specific numerical algorithms. Because the uncon-

strained evolution breaks, in principle, Np holonomic constraints, the subsequent constraint

evolution should re-satisfy the temporarily broken constraints by using iterative algorithms.

However, the conventional constrained dynamics at the molecular level has been used mainly335

to simulate the dynamic and material properties of rigid compound molecules.

The one-side constraint force acting on sphere j by one of its neighbors, let’s say sphere

j + 1, is perfectly canceled out by the constraint force acting on sphere j + 1 by sphere j

to satisfy Newton’s third law. But constraint-force magnitudes are strongly related to the

long-term durability and mechanical stability of the HF membrane, because the constraint340

forces create both tensile and compressive stresses. In this study, a HF membrane, modeled

as a sphere-connecting chain, is conceptually characterized as flexible in full-length scale

but rigid in diameter scale. We calculated individual components of forces, exerted on all

aligned spheres, and more importantly showed the effects of the reciprocating motion on

the periodicity of exerted forces on spheres. In these sections, computational hydrodynamics345
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results are discussed for dynamics of chains consisting of 500 and 1,000 spheres, mimicking 1.0

m and 2.0 m long HF membranes, using parameters specified in Tables 1 and 2, respectively.

3.2. Dynamic chain configurations

The hydrodynamic chain simulations were conducted from t = 0 to t = 1.5 τ , where τ is

the period of cassette oscillation, calculated as τ = ω−1 = 2.174 s. Fig. 5 shows sequential350

snapshots of the dynamic chain configurations at five different time steps from t = 0 to

τ . Initially, the chain has a highly skewed, equilateral triangle configuration, shown on the

leftmost side of Fig. 5(a) (similar to Fig. 4(a)). From the initial time to a quarter period, the

chain moves from the left to the right sides of Fig. 5. As the chain follows the rack, the chain

configuration at t = 0.25τ (of (b) 5) shows the open-parenthesis shape. Configuration (c) is355

made when the fiber starts switching directions, after the rack stops at the rightmost position

at t = 0.5τ . The chain position moves from (c) at t = 0.5τ to (d) at t = 0.75τ , keeping the

dynamic shape of a closing parenthesis. The chain configurations of (b) at t = 0.25τ and (d)

at t = 0.75τ have coinciding top and bottom positions and form a symmetricity about the

vertical line connecting the top and bottom spheres. After the rack switches directions to the360

right after t = τ , the chain configuration changes to open parenthesis of (e), similar to (b),

from the closed parenthesis of (d). The simulation continues from time t = τ to 1.25τ when

the chain passes the central zone for the second time, and to 1.5τ until the chain reaches the

rightmost position, of which configurations are identical to those of (b) at t = 0.25τ and (c)

at t = 0.5τ , respectively. Chain configurations at t = 1.25τ and 1.5τ are not shown in Fig.365

5.

3.3. Force analysis

In this work, four cases are studied to perform a comparative analysis on short and

long chains made of PVDF and PET. Tables 1 and 2 show that both PVDF and PET

membranes have approximately the same specific gravity, because the PET HF membrane is370

thicker than PVDF HF, but it has a lower solid density. Porosities of both HF membranes
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were assumed to be equally 0.65. We found that the forces exerted on the PET membrane

are quantitatively similar to those on PVDF. Our force analysis, therefore, focuses on the

PVDF membranes of two different lengths: 1 and 2 meters. Simulation results of the PET

membranes are included in the Appendix. Eq. (6) represents the constraint forces exerted375

on sphere k, as a superposition of the backward force by sphere k− 1 and the forward force

by sphere k + 1, denoted fkb = λk−1(rk−1 − rk) and fkf = λk(rk+1 − rk), respectively. Note

that (rk±1− rk) indicates the relative position from sphere k to sphere k± 1 and Lagrange’s

multipliers λk−1 and λk determines magnitudes and directions of fkb and fkf . Although the

net constraint force effectively exerted on sphere k is fks = fkb + fkf , fkb and fkf are internal380

forces for sphere k to resist the compressive or tensile stresses from sphere k − 1 and k + 1,

respectively.

In the following sections, transient force profiles exerted on a 1 m PVDF HF membrane

in the x- and z-directions are shown in Figs. 7 and 8, respectively, and those of a 2 m PVDF

HF are in Figs. 10 and 11, respectively. The force profiles are obtained at 654 time steps,385

i.e., 109 time steps for a quarter period, denoted τ1/4, and fiber snapshots at every quarter

period from t = 0 are visualized and discussed.

3.3.1. PVDF membrane of 1 meter

Fig. 6 shows snapshot series of a 1 m PVDF HF chain during the 1.5 period. Fiber

configurations during the first half-period (0 < t < 0.5τ) are very similar to those during390

the third half period (τ < t < 1.5τ). In each half period seven or eight snapshots were

individually taken and overlaid onto the snapshot of the initial fiber configuration. The

configuration similarity between the first and third half periods implies the qualitatively and

quantitatively similar force fields applied to the fiber in the interval of one period.

Fig. 7 shows x-directional profiles of the constraint and resultant forces exerted on a 1395

m PVDF HF, consisting of 500 equivalent spheres, where the resultant force indicates a net

force, as a superposition of all non-vanishing forces exerted on a sphere. The forward and

backward constraint forces in the x-direction, as shown in Figs. 7 (a) and (b), respectively,
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appear anti-symmetric at each time step in terms of their magnitudes and signs. Interestingly,

Fig. 7 (a) shows, at t = τ1/4, groups of spheres of indices k ? 100 and k > 100 undergo the400

positive and negative forward constraint force fkf , respectively, being pulled forward to the

positive x-direction and pushed back to the negative x-direction, respectively. Spheres of

indices k ≈ 100 undergo much less forward and backward constraint forces. The backward

constraint forces fkb , shown in Fig. 7 (b), have similar patterns to Fig. 7 (a), in opposite

directions. Fig. 7 (c) shows the sum of the forward and backward forces, denoted fs,x, which405

is the effective constraint force developed by sphere k to maintain the embedded constraints.

Because fkf and fkb have similar magnitudes but opposite signs, their resultant force fs,x has

a much smaller magnitude than those of fkf and fkb . Furthermore, each of fkf and fkb is the

actual constraint forces developed by sphere k to maintain the chain structure, and fs,x is

effectively used to satisfy the constraints of Eqs. (1) and (17) instantaneously. In Fig. 7 (c),410

the odd and even time indices mean that the fiber positions are near the central and edge

zones, respectively. The magnitude of the resultant constraint force in the x-direction fs,x

has larger magnitude when the fiber is turning directions on each side, rather than passing

the central region at a faster speed. Notably, the zero-force region of k ≈ 100 in the forward

and backward forces disappears in the net constraint force profile, as shown in the insert of415

Fig. 7 (c). There are a few interesting things in the insert of Fig. 7 (c). A small ‘>’ shape

kink of the profile fs,x at t = 0 is ascribed to the initial chain configuration of the perfect

triangular shape as shown in Fig. 5(a). The net constraint force profile near the top, shown

in Fig. 7 (c) insert, has similar patterns to those of the backward constraint forces near the

bottom parts of the HF, where sphere indices k ≤ 100. Force units of Fig. 7 (c) and its420

insert are µN and nN . The net constraint forces exerted on the bottom 4 percent of the

HF, i.e., sphere index k ≤ 20, are approximately two orders of magnitude larger than those

above sphere k ≥ 20. Fig. 7 (d) shows the resultant force on the x-direction as a sum of all

x-directional forces exerted on the fiber. The trend of the net force profile with respect to

the time index is similar to that of Fig. 7 (c). Only a few spheres near the bottom experience425
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much stronger force than other spheres above them. At time steps of τ1/4, 3τ1/4, and 5τ1/4,

i.e., when the fiber passes the central zone, the net-force magnitudes suddenly increase from

the bottom and gradually decrease toward the ceiling of the cassette. On the other hand, at

time steps of 2τ1/4, 4τ1/4, and 6τ1/4, when the fiber stops and turns to the opposite direction,

Fx profile shows a zig-zag pattern that sphere 3 experiences the strongest net force and430

sphere 2 undergoes the resultant force less strongly than that of sphere 2 in the opposite

direction. Spheres of indices k ≥ 4 experience the net force, gradually decreasing toward

the ceiling of the cassette. Interestingly, forward/backward constraint, net constraint, and

resultant forces, exerted near the bottom, have magnitudes of orders of O (100), O (10−1),

and O (10−2)µN, respectively.435

Fig. 8 shows z-directional profiles of the constraint and total forces, exerted on the

same HF of Fig. 7. In the LENA system, the gravitational and buoyant forces exerted on

each PVDF sphere are Fg = −4π
3
a3fgSg = −67.679µN and Fb = +4π

3
a3fg = +41.092µN,

respectively, in the z-direction, of which the sum is -26.587 µN . In Figs. 8(a) and (b),

forward and backward constraint forces in the z-direction are unconditionally positive and440

negative, respectively. The positive forward constraint force indicates that sphere k is pulled

upward by the positive forward constraint force by sphere k + 1, and at the same time

the negative backward constraint force is for sphere k − 1 to pull down sphere k. The net

gravitational force, denoted ∆FGB = FG−FB, has a magnitude within the range of an order

of O (10) for forward and backward constraint forces. Because the z-directional constraint445

forces should balance ∆FGB, their magnitude is about ten times the x-directional constraint

forces of Figs. 7(a) and (b). In Fig. 8(c), similar to the net constraint force in the x-

direction in Fig. 7(c), fs,z has a much smaller magnitude than those of ff,z and fb,z because

the z-directional constraint forces should balance ∆FGB. The individual (either forward

or backward) constraint, net constraint, and resultant forces have magnitudes of orders of450

O (101), O (10−1), and O (10−2), respectively. In Fig. 8 (d), the resultant force profiles at

the odd and even time indices have positive and alternating signs, respectively. When the
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fiber passes the central zone moving to the right at t = τ1/4 and 5τ1/4 and to the left at

t = 3τ1/4, the fiber has maximum speed with minimum magnitude of acceleration in the

x-direction. Therefore, the gravitational forces are accumulated over the spheres so that the455

bottom spheres experience much stronger downward forces, balanced by the net constraint

force in the z-direction. On the other hand, when the fiber turns directions on each side,

sphere 2 experiences the net downward force because it plays the role of transient anchor for

the fiber to alternate directions.

3.3.2. PVDF membrane of 2 meters460

In this section, we specifically discuss the effects of fiber length by comparing the results

of a 2 m PVDF HF membrane with those of Figs. 7 and 8. Firstly, Fig. 9 shows snapshot

series of a 2 m PVDF HF chain during the 1.5 period. Similar to Fig. 6, in each half period,

seven or eight snapshots were individually taken and overlaid onto the initial snapshot (at

t = 0). Unlike Fig. 6(c), fiber configurations during the third half period (τ < t < 1.5τ) are465

different from those of the first half period (0 < t < 0.5τ), because they are closer to those

of the second half-period (0.5τ < t < τ). When the second half period has ended, the left-

most fiber configuration of Fig. 9(b) seems to be pushed to the right without the horizontal

flipping of the configuration that occurred near t = 0.5τ , i.e., the rightmost configurations

of Figs. 9(a) and (b). This broken periodicity can be possibly explained by influences of the470

heavier mass due to the doubled length than that of 1 m PVDF HF of Fig. 6.

Fig. 10 shows x-directional profiles of the constraint and total forces, exerted on a 2 m

PVDF HF, consisting of 1,000 equivalent spheres, to be compared with Fig. 7 for 1 m PVDF

HF. The magnitudes of the forward and backward constraint forces in the x-direction, shown

in Figs. 10(a) and (b) are approximately two orders of magnitude larger than those shown475

in Figs. 7(a) and (b), respectively. The zones of zero forward/backward constraint forces

also appear near the bottom 20 percent near sphere indices k ≈ 200 in Figs. 10(a) and (b),

but the trend is less apparent and symmetrical as compared to those of Figs. 7(a) and (b),

respectively. In Fig. 10(c), profiles of the net constraint forces appear sequentially ordered
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between sphere 5 and 20, while Fig. 7(c) shows that encapsulation of the net constraint force480

profiles at t = τ1/4, 3τ1/4, and 5τ1/4 by those at t = 2τ1/4, 4τ1/4, and 6τ1/4. This sequential

ordering of x-directional net forces in Fig. 10(c) also appears in Fig. 10(d). The resultant

force profiles near the bottom are dominantly controlled by net constraint forces of a 2 m

long PVDF HF, as already shown between Fig. 7(c) and (d).

The reciprocating motion of the HF can be viewed as a forced oscillation in classical485

mechanics. If a stretchable string of a musical instrument) is considered, this gravity ac-

cumulation is not dominant as the vertical gravitation is perpendicular to the horizontal

string oscillation. When the cassette is moving slow enough, then the net gravitational force

applied to the bottom particle (that the bottom end of an HF experience) must be close to

the total weight above the bottom location. If the cassette moves fast, then the effect of490

gravity on the fiber shape would be less. When the rack speed is at the maximum, passing

the midpoint, the fiber will make either open or close parenthesis shape. In this case, the

pair of constraint forces acting on sphere k from sphere k−1 and k+1 can be much stronger

than the gravity to cancel out the hydrodynamic drag to disperse connected particles. A

faster relative velocity between the fiber element (i.e., sphere) and the stationary fluid will495

make some spheres experience tensile forces only, i.e., pulled by the two adjacent spheres

in the opposite directions. Constrained forces between two adjacent spheres are entirely

canceled each other at any time, but the magnitude of each contribute to keeping the fiber

length unchanged. The gravitational and hydrodynamic forces are mostly perpendicular to

each other except when the fiber turns the moving direction at each end. The constrained500

forces are instantaneously generated to keep the chain configuration by balancing the gravity,

and hydrodynamic forces in the direction made by connecting centers of the two spheres.

Let’s consider a probe particle, selected as the 300th sphere (from the bottom) of each of

the 1 m and 2 m fiber cases. This probe particle in 1 m and 2 m fibers has 200 and 700

spheres connected above it. The probe sphere of 2 m fiber may experience 3.5 times stronger505

compression than in the 1 m fiber. This ratio heavily depends on the particle velocity in
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$x$-direction because a faster rack speed will provide a stronger drag force (tensor-wise) so

that the vertical force induced by the gravitation is reduced.

Fig. 11 shows z-directional profiles of the constraint and total forces, exerted on the

same HF of Fig. 10. Figs. 11(a) and (b) show more asymmetric patterns in the sequential510

profiles of the forward and backward constraint forces, as compared with those in Figs. 8(a)

and (b), respectively. The forward and backward constraint forces in the z-direction of a

2 m long PVDF HF membrane have approximately one order of magnitude larger than

those of a 1 m PVDF HF membrane (of Fig. 8). Doubling the fiber length increases the

individual constraint forces by approximately ten times in both x- and z-directions, which,515

in our opinion, stems from the accumulative gravitational force, exerted on sphere k by ones

above it, i.e., spheres of indices ranging from k + 1 to Np. Fundamental analyses of the

gravitational compression on packed spheres can be found elsewhere [31, 32]. The insert of

Fig. 11(c) confirms the mostly positive net constraint force in the z-direction of an order of

O (10−1) µN, except the vicinity of the bottom surface, as already indicated by the discussion520

of Fig. 7(c). The zigzag patterns shown in time profiles 2, 4, and 6 in Fig. 8(c) appears

to become universal in Fig. 11(c), in which most of fs,z profiles show horizontally flipped

S curves. The net constraint force profiles show a seemingly cyclic pattern from the time

index 1 to 6, but this does not mean the periodicity of the z-directional net constraint force.

Similar patterns of force profiles appeared in Figs. 11(c) and (d), additionally confirming525

that the net constraint force dominantly influences the resultant force. The bottom 1 percent

portion of the fiber in length experiences the highest net forces in x- and z-directions for

both the 1 m and 2 m PVDF HF membranes. Overall, the 2 m long PVDF HF membrane

shows less symmetrical patterns in the net constraint and resultant forces.

The orders of magnitudes of exerted forces on PVDF HF membranes are listed in Table530

3, which provides quantitative force analysis regardless of the HF length, as follows:

1. The forward and backward constraint forces in the z-direction is one order of magnitude

larger than those in the x-direction.
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2. The net constraint forces in both x- and z-directions are one order of magnitude smaller

than individual constraint forces in the x-direction.535

3. The resultant forces in both x- and z-directions are two orders of magnitude smaller

than individual constraint forces in the x-direction.

These analyses are also valid for PET HF membranes, of which simulation results are included

in the Appendix.

4. Concluding Remarks540

In this work, forces exerted on the 1 m and 2 m long PVDF HF membranes were in-

vestigated using the standard modeling technique of dissipative hydrodynamics (based on

the grand mobility scheme of Stokesian dynamics). While there is no representative tool

to simulate dynamics of a hollow fiber as a flexible body of finite length, we applied the

dissipative hydrodynamics for polydispersed particle systems. A HF of length lf and outer545

diameter df is modeled as a chain of connected spheres of the same diameter and equal mass

of a cylindrical segment of length df . The constrained dynamics employed is based on the

RATTLE algorithm, which satisfy at an arbitrary time the holonomic and non-holonomic

constraints related to center-to-center distance and orthogonality between changes in the

displacement and velocity between two adjacent spheres. Profiles of forces exerted on PVDF550

HFs of 1 m and 2 m in length were calculated using the hydro-RATTLE algorithm. The net

gravitational force, i.e., the gravity subtracted by the buoyant force of a PVDF HF segment,

is of an order of O (10) µN, which is accumulated downward through connected spheres. The

forward and backward constraint forces show symmetric profiles, indicating that they have

similar magnitudes, applied in opposite directions. Therefore the net constraint forces are555

at least one order of magnitude smaller than each of the forward and backward constraint

forces that maintain the sphere connectivity. Although the net constraint force is developed

to satisfy the constraints instantaneously, the magnitude of both constraint forces need to be

accurately quantified to design the HF material for mechanical stability. Due to the effects of
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accumulated gravitational forces through the fiber, only 1 percent of the fiber at the bottom560

experiences the largest forces in both the x- and z-directions. The y-directional forces were

calculated as several orders of magnitude smaller than those of x- and z-directional forces,

which allowed us to assume that sphere twisting is not dominant most times, except when

the fiber is switching directions on each end. A longer fiber not only increases the tensile and

compressive forces accumulated near the bottom of the fiber, but also provide stiff configura-565

tions that can preclude regular reciprocating patterns. Due to the computational limitation,

this work studied only one fiber consisting of 500 and 1,000 equivalent spheres during the

1.5 period. In reality, the inter-fiber hydrodynamic interactions also play a significant role

in the dynamic formation of HF configurations. More sophisticated modeling is required to

rigorously predict the dynamics of multiple flexible fibers attached to a cassette, especially570

at an arbitrary particle Reynolds number.
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Variables Value Value

Rack

Fiber length [mm], Lf 1000 2000
Number of spheres, Np 500 1000
Stack height [mm], H = Lf/(1 +Rst) 998 1996
Oscillation Amplitude [mm], A 60.0 120.0
Oscillation frequency [Hz], ω 0.46 0.46

Table 1: Simulation parameters of the rack and fibers, where the oscillation amplitude is calculated as
A = 0.06Lf and the stack ratio of Rst = 0.2 % is used. Based on the common frequency, the period of the
rack oscillation is calculated as τ = 2.1739 s.
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Variables PVDF PET

Fiber

Solid density, ρs 1.780 1.380
Outer diameter [mm], do = 2af 2.000 2.000
Inner diameter [mm], di = 2a′f 1.600 0.700
Thickness [mm], af − a′f 0.200 0.650
Porosity [-], ε 0.650 0.650
Water-filled fiber material density, ρ̄f 1.273 1.133
Mass of cylindrical segment [mg], ms 6.901 7.017

Sphere
Volume [mm3] 4.189 4.189
Specific gravity [–], sg 1.647 1.675

Table 2: Simulation parameters of the and fibers and equivalent spheres, made of polyvinylidene fluoride
(PVDF) and polyethylene terephthalate (PET).
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1 m PVDF 2 m PVDF
x-dir. z-dir. x-dir. z-dir.

ff or fb [µN] O (100) O (101) O (101) O (102)
fs [µN] O (10−1) O (10−1) O (100) O (100)

resultant F [µN] O (10−2) O (10−2) O (10−1) O (10−1)
Fig. No. (7) (8) (10) (11)

Table 3: Analysis of force magnitudes, exerted on 1 m and 2 m PVDF HF membranes in x- and z-directions.
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Figure 1: The shaking HF bundle, attached to the ceiling and bottom of the rack surfaces to mitigate
particulate fouling on the HF surfaces. (https://www.coepro.com/en/pages/water-plants).
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Figure 2: Schematic configuration of a chain as a connection of equal-sized spheres.
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Figure 3: A hollow fiber and the equivalent sphere. The hollow cylinder has height 2af , equal to diameters
of the sphere and the outer cylindrical surface. The sphere has a uniformly distributed mass ms equal to
that of the hollow fiber of which lumen and porous spaces are filled with water.
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(a) (b) (c) (d)

Figure 4: A short hollow fiber (Np = 100) as a sphere-connected chain: overview at (a) t = 0 s and (b)
t = 0.0783 s; and (c) and (d) show closer views of (a) and (b), respectively. The length of this short fiber is
lf = Np × (2af ) = 200 mm and the blue vertical line connect two points of (0, 0,−ap) and (0, 0, H − ap).
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Figure 5: Snapshot of a moving chain, i.e., a PVDF hollow fiber membrane immediately after time (a) 0, (b)
0.25τ , (c) 0.5τ , (d) 0.75τ , and (e) 1.0τ . The rack location, i.e., position s of the top and bottom plates, are
equal at time t = 0 and τ and time t = 0.25τ and 0.75τ . The configuration of (a) and (b) on the left-hand
sides of (e) and (d), respectively. For a better visualization, sphere diameters are enlarged 1.5 times.
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(a) (b) (c)

Figure 6: Reciprocation snapshots of 1 m PVDF hollow fiber during (a) 0 ≤ t ≤ 0.5τ (initially moving to the
right), (b) 0.5τ ≤ t ≤ τ (returned and moving to the left), and (c) τ ≤ t ≤ 1.5τ (after one full reciprocation,
moving to the right again). For visualization, the sphere diameters are enlarged four times.
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Figure 7: The x−directional forces exerted on the 1 m PVDF hollow fiber: (a) forward constraint, (b)
backward constraint, (c) net constraint and (d) net resultant.
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Figure 8: The z−directional forces exerted on the 1 m PVDF hollow fiber: (a) forward constraint, (b)
backward constraint, (c) net constraint and (d) net resultant.
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(a) (b) (c)

Figure 9: Reciprocation snapshots of 2 m PVDF hollow fiber during (a) 0 ≤ t ≤ 0.5τ (initially moving to the
right), (b) 0.5τ ≤ t ≤ τ (returned and moving to the left), and (c) τ ≤ t ≤ 1.5τ (after one full reciprocation,
moving to the right again). For visualization, the sphere diameters are enlarged four times.
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Figure 10: The x−directional forces exerted on the 2 m PVDF hollow fiber: (a) forward constraint, (b)
backward constraint, (c) net constraint and (d) net resultant.
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Figure 11: The z−directional forces exerted on the 2 m PVDF hollow fiber: (a) forward constraint, (b)
backward constraint, (c) net constraint and (d) net resultant.
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Appendix. Simulation results of 1 m and 2 m PET Hollow fiber membranes

Figs. A.1 and A.2 show the force profiles of the 1 m PET HF membrane in the x- and

z-directions, respectively, which appear similar to those of the 1 m PVDF HF membrane,

as shown in Figs. 7 and 8, respectively. Figs. A.3 and A.4 show the force profiles of the 2

m PET HF membrane in x- and z-directions, respectively, which appear similar to those of720

the 2 m PVDF HF membrane, as shown in Figs. 10 and 11, respectively. Due to the small

difference in specific gravity values of equal-sized PVDF and PET spheres, i.e., 1.647 and

1.675, overall trends of the specific profiles of forces exerted on the PET HF membrane are

similar to those on the PVDF HF membrane both qualitatively and quantitatively.
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Figure A.1: The x−directional forces exerted on the 1 m PET hollow fiber: (a) forward constraint, (b)
backward constraint, (c) net constraint, and (d) net resultant.
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Figure A.2: The z−directional forces exerted on the 1 m PET hollow fiber: (a) forward constraint, (b)
backward constraint, (c) net constraint, and (d) net resultant.
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Figure A.3: The x−directional forces exerted on the 2 m PET hollow fiber: (a) forward constraint, (b)
backward constraint, (c) net constraint, and (d) net resultant.
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Figure A.4: The z−directional forces exerted on the 2 m PET hollow fiber: (a) forward constraint, (b)
backward constraint, (c) net constraint, and (d) net resultant.
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