
Introduction Theoretical Results Concluding Remarks

The analytic solution of interfacial concentration with
observed rejection ratio during dead-end membrane

filtration

Prof. Albert S. Kim

Department of Civil and Environmental Engineering
University of Hawai‘i at Manoa

2540 Dole Street, Holmes 383, Honolulu, Hawaii 96822

NAMS 2024, May 11–16, Santa Fe, NM

1 / 24



Introduction Theoretical Results Concluding Remarks

Table of Contents

1 Introduction
Summary
Background

2 Theoretical
Constant Flux Mode
Pressure-released Mode

3 Results

4 Concluding Remarks

2 / 24



Introduction Theoretical Results Concluding Remarks

Summary

Desalination 568 (2023) 117006

Available online 25 September 2023
0011-9164/© 2023 Published by Elsevier B.V.

The analytic solution of interfacial concentration with observed rejection 
ratio during dead-end membrane filtration 

Albert S. Kim 
Civil and Environmental Engineering, University of Hawaii at Manoa, 2540 Dole Street, Holmes 383, Honolulu, HI 96822, United States of America   

G R A P H I C A L  A B S T R A C T   

A R T I C L E  I N F O   

Keywords: 
Dead-end filtration 
Concentration polarization 
Interfacial concentration 
Analytic solution 
Laplace transform 
Robin boundary condition 

A B S T R A C T   

In this study, we revisit the fundamentals of constant–flux dead–end filtration, develop an analytical solution of 
the interfacial concentration ϕm(τ,Ro) as a function of dimensionless time τ and observed rejection Ro, and 
compare the solution with previous work developed for constant intrinsic rejection, Ri. The excessive concen
tration, ϕm(τ,Ro) − 1, consists of three nonlinear terms of τ and reaches 4Roτ in an asymptotic limit of τ > 1/2. 
We apply the Robin (mixed) and Dirichlet boundary conditions on the membrane surface and at a far 
feed–entrance, respectively. The mathematical difficulties for the inverse Laplace transform are resolved using a 
linear combination of the Laplace transform of error and complementary error functions and applying the 
convolution theorem. We analytically obtain the unsteady variation of the interfacial concentration after the 
pressure release using the global mass balance and numerically calculate the required time to reduce the 
interfacial concentration to a specific limit. More importantly, a relationship between observed and intrinsic 
rejection ratios is found, such as, Ro ≃

̅̅̅̅̅
Ri

√
, and verified using experimental data from the literature.   

1. Introduction 

Membrane separation processes can be conducted in dead-end and 

crossflow filtration modes. Dead-end filtration involves the feed flow 
approaching perpendicularly to the membrane surface in a closed 
container. In contrast, crossflow filtration requires the feed stream to 
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Summary

Interfacial Concentrations and Intrinsic vs. Observed Rejections
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Background

Governing Equation and Conditions
The governing equation of dead-end
filtration may be written as

∂C

∂t
=

∂

∂y

(
D0

∂C

∂y
+ JwC

)
(1)

with initial and boundary conditions of

C (y, t = 0) = Cf (2)
C (y → ∞, t) = Cf (3)

D0
∂Cm

∂y
+ JwCm(t) = JwCp (4)

where Cm = C (t, y = 0).
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Background

Non-dimensionalization
The dimensionless governing equation is

∂ϕ

∂τ
=
∂2ϕ

∂η2
+ Peλ

∂ϕ

∂η
(5)

using
C = Cfϕ (6)
y = Lη (7)
t = Tτ (8)

and λ is a flow parameter, such as
regular dead-end flow (λ = 1)
pressure release (λ = 0)
backwashing flow (λ = −1)

And, the Peclet number is defined and
set as, for convenience,

Pe =
JwL

D0
= 2 (9)

Then, the parameters are estimated

L = D0/2Jw0 = 0.37mm (10)
T = 4D0/J

2
w0 = 20.0min (11)

using

D = O
(
10−9

)
m2/s (12)

Jw = 10.0 LMH (13)
6 / 24



Introduction Theoretical Results Concluding Remarks

Background

Dimensionless Formalism

We rewrite the governing equation in a
dimensionless form using η and τ , such
as

∂ϕ

∂τ
=
∂2ϕ

∂η2
+ 2λ

∂ϕ

∂η
(14)

with the initial condition

ϕ (τ = 0, η) = 1 (15)

and boundary conditions of

ϕ (η → ∞, τ) = 1 (16)
∂ϕm
∂η

+ 2λ (ϕm − ϕp) = 0 (17)

where
ϕp =

Cp

Cf
= 1−Ro (18)

is the dimensionless permeate
concentration in terms of Ro, and

ϕm (τ) =
Cm (t)

Cf
(19)

∂ϕm
∂η

=

[
∂ϕ

∂η

]
η=0

(20)

are the dimensionless interfacial
concentration and its derivative,
repsectively.
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Constant Flux Mode

Solution Procedure and Analytic solution, Almost!
The Laplace transform for ϕ (τ, η) is

L [ϕ (τ, η)] = Φ (p, η) (21)

=

∫ ∞

0
e−pτϕ (τ, η)dτ (22)

After many hours, we obtain the
particular Φ satisfying the three
conditions:

Φ(p, η) =
1

p
+ 2Ro ·

e−(1+
√
1+p)η

p
(√

1 + p− 1
) (23)

Ready for an inverse Laplace transform!

This is it for the full concentration profile.

ϕ (τ, η) = 1 + 2RoL−1

[
e−(1+

√
1+p)η

p
(√

1 + p− 1
)]
(24)

But, too difficult. Let’s find an easy
shortcut, i.e., the interfacial concentation
at η = 0.

ϕm (τ) = 1 + 2Ro · L−1

[
1

p
(√

1 + p− 1
)]

(25)
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Constant Flux Mode

Partial but Meaningful Analytic Solution

For the unsteady interfacial concentration in the constant flux mode

ϕm (τ) = 1 + 2Ro

[
τ +

(
τ + 1

2

)
erf

(√
τ
)
+

√
τ

π
e−τ

]
(26)

Special cases include
A zero rejection Ro → 0

lim
Ro→0

ϕm (τ) = 1 (27)

The perfect rejection Ro → 1

lim
Ro→1

ϕm (τ) = (1 + 2τ)
[
1 + erf

(√
τ
)]

+ 2

√
τ

π
e−τ (28)

For a large τ ≫ 1, the asymptotic form of ϕm appears

ϕ∗ = lim
τ≫1

ϕm → 1 +Ro (1 + 4τ) (29)
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Constant Flux Mode

Solution Components a Perfect Observed Rejection Ro = 1

ϕm (τ) = ϕm0 + ϕm1 + ϕm2 + ϕm3

ϕm0 = 1

ϕm1 = 2Ro · τ
ϕm2 = 2Ro ·

(
τ + 1

2

)
erf

(√
τ
)

ϕm3 = 2Ro ·
√
τ

π
e−τ

which are compared with

ϕ∗ = lim
τ≫1

ϕm → 1 +Ro (1 + 4τ)
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Constant Flux Mode

Effects of the Observed Rejection Ratio
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Constant Flux Mode

Differences between the asymptotic and exact solutions

With Ro from 0.2 to 1.0.

Errors between ϕ∗ and ϕm
15.3% at τ = 0.5

5.68% at τ = 1.
where τ = 1 means the
elapsed filtration time equal to
the reference time, i.e.,
t = T ≃ 20min.
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Pressure-released Mode

Decline of Interfacial Concentration after Pressure Release, τ > τs

The governing equation for λ = 0 is

∂ϕ

∂τ
=
∂2ϕ

∂η2
for τ ≥ τs (30)

The far–field BC is kept valid

ϕ (η → ∞, τ ≥ τs) = 1 (31)

but the interfacial condition is changed
from Robin to the Neumann BC, such
as [

∂ϕm
∂η

]
η=0

= 0 (32)

Therefore,

The analytic solution for τ > τs is obtained with β = (ϕmax − 1)/Rτ , such as

φ (τ) = 1 + (ϕmax − 1) eβ
2(τ−τs) erfc

(
β
√
τ − τs

)
(33)

compared with one in the pressing phase

ϕm (τ) = 1 + 2Ro

[
τ +

(
τ + 1

2

)
erf

(√
τ
)
+

√
τ

π
e−τ

]
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Pressure-released Mode

Interfacial concentration growth and decline with τs

(a) for stopping time τs = 2 (b) for stopping time τs = 4.
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Pressure-released Mode

Duration ∆τ to reach the limiting concentration ϕlim

Elapsed time regardless of Ro
(b) for stopping time τs = 4.

R0 = 0.5, ϕmax ≃ 9, ϕlim ≃ 2: ∆τ = 6
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Observed vs. Intrinsic Rejection Ratios

Previous theoretical work
Dresner (1964) for the constant permeate flux with Ro = Ri = 1.0.
R.J. Raridon, et al.(1966) for the constant permeate flux with finite Ri,
reformulated in this work

ψm

(
τ,Ri → 1−

)
=

(
1 + 2R2

i τ
) [

1 + erf
(√
τ
)]

+ 2

√
τ

π
e−τ (34)

As compared to our work with finite Ro,

ϕm (τ) = 1 + 2Ro

[
τ +

(
τ + 1

2

)
erf

(√
τ
)
+

√
τ

π
e−τ

]
(35)
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Observed vs. Intrinsic Rejection Ratios

The difference between ϕm and ψm for
high rejection and large τ (> 1):

ϕm − ψm ≃ 4
(
Ro −R2

i

)
τ → 0 (36)

This logically gives us a novel
relationship derived purely analytically
without experiments and numerical
analysis.

Ri ≃
√
Ro (37)

Any experimental verifications?
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Observed vs. Intrinsic Rejection Ratios

Bouranene et al. (2008)’s
experimental observations include
Ro ≃ 0.64 and Ri ≃ 0.82 for two
cases of removing glucose solution
of 2.9g/L and cobalt solution of
0.10g/L using polyamide NF
membranes.
Their rejection values support the
theoretical approximation, such as

Ri√
Ro

=
0.82√
0.64

≃ 1.025 (38)
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Concluding Remarks

1 This work developed a complete analytic solution for the interfacial
concentration as a function of filtration time τ and observed rejection ratio Ro.

ϕ(τ, η = 0) = ϕm (τ) = 1 + 2Ro

[
τ +

(
τ + 1

2

)
erf

(√
τ
)
+

√
τ

π
e−τ

]
2 A specific relationship between the observed rejection and intrinsic rejection

is mathematically derived and experimentally (indirectly) verified.

Ri ≃
√
Ro

3 A full solution of ϕ(τ, η) is coming for the constant-flux dead-end filtration. For
the constant-pressure operation, only series analytic solutions can be
available.
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Other Analytical Work
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Permeate flux inflection due to concentration polarization in
crossflow membrane filtration: A novel analytic approach
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Abstract. A convection-diffusion equation for membrane filtration is analytically solved assuming fast
crossflow velocity of a simple shear flow tangential to the membrane surface. In the direction normal to the
membrane surface, solute concentration varies in a partially exponential and partially power-wise manner.
The permeate flux in an asymptotic limit is proportional to the inverse square root of the distance from
the inlet of the membrane channel. Osmotic pressure due to retained solutes on the membrane surface
controls the profile of the permeate flux, which undergoes an inflection along the tangential direction if
applied pressure is more than four times the feed osmotic pressure.

PACS. 82.39.Wj Ion exchange, dialysis, osmosis, electro-osmosis, membrane processes

1 Introduction

Laminar flow tangential to a porous wall has received close
attention in past decades because of its plethoric applica-
tions to, for example, bio-medical systems, diffusion pro-
cesses, membrane separation, and so forth. A similarity
solution method can be used to solve the Navier-Stokes
equation for an incompressible viscous flow along a porous
channel. Key findings are briefly summarized in the follow-
ing paragraphs.

Berman [1] reduced the Navier-Stokes equation to a
fourth-order non-linear ordinary differential equation, ap-
plied no-slip boundary conditions on two porous walls of
a rectangular channel, and developed a perturbation solu-
tion as a series in small suction Reynolds number. Bundy
and Weissberg [2] measured pressure drop and exit center-
line velocity of a porous channel and showed good agree-
ment of their experiments with Berman’s theoretical pre-
diction. Weissberg [3] used Morduchow’s polynomial ap-
proximation method [4] and indicated that similarity so-
lutions do not exist for high suction rates. Along the same
lines, Brady [5] showed that at large Reynolds numbers,
the flow everywhere in a finite but arbitrarily long, uni-
formly porous channel is influenced by the inlet condi-
tion. The similarity solution loses its validity if the crit-
ical Reynolds number of 2.3 is exceeded. Durlofsky and
Brady [6] showed that the non-monotonic variation of the
tangential velocity in the normal direction to the porous
wall provides the spatial instability of the similarity solu-
tion.

a e-mail: albertsk@hawaii.edu

The no-slip boundary condition on the porous wall was
presumed in the similarity solution approaches described
above. The validity of the no-slip boundary condition is
not clear when it is imposed on a porous interface with
large open pores. Beaver and Joseph [7] suggested that
the slip velocity is proportional to the velocity gradient
above the porous wall. Taylor [8] showed the significance
of a porous surface structure instead of channel geometry,
and Jeong [9] investigated the slip boundary condition on
an idealized porous wall. Recently, Chellam and Liu [10]
investigated the necessary and sufficient conditions for the
presence of Berman’s similarity solution for slip flow and
provided the slip parameter for ultrafiltration.

Fundamental studies on the flow over a porous surface
can significantly contribute to accurate analyses and op-
timal design of pressure-driven membrane filtration pro-
cesses such as microfiltration (MF), ultrafiltration (UF),
nanofiltration (NF), and reverse osmosis (RO), which have
been extensively used for separating particulate materi-
als, macromolecules, organic matters, and salt ions. Filtra-
tion operations can be classified into dead-end and cross-
flow modes. In the dead-end filtration mode, feed solu-
tion flows normal to the membrane surface, and solutes
are mostly retained on the membrane surface while the
solvent passes through the membrane. Accumulation of
solutes increases on the membrane surface with respect
to time, and hence diminishes the permeate flux. In the
crossflow mode (shown in Fig. 1), the feed stream is intro-
duced tangentially to the membrane surface. Solvent pass-
ing across the membrane generates permeate flow while
the remainder is flushed out as concentrate stream. Direc-
tions of the feed (tangential to the membrane surface) and
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Other Analytical Work

1Scientific Reports |         (2020) 10:8040  | https://doi.org/10.1038/s41598-020-63982-w

www.nature.com/scientificreports

Complete analytic solutions for 
convection-diffusion-reaction-
source equations without using an 
inverse Laplace transform
Albert S. Kim   

Transient mass-transfer phenomena occurring in natural and engineered systems consist of convection, 
diffusion, and reaction processes. The coupled phenomena can be described by using the unsteady 
convection-diffusion-reaction (CDR) equation, which is classified in mathematics as a linear, parabolic 
partial-differential equation. The availability of analytic solutions is limited to simple cases, e.g., 
unsteady diffusion and steady convective diffusion. The CDR equation has been considered analytically 
intractable, depending on the initial and boundary conditions. If spatial adsorption and desorption of 
matter are super-positioned in the CDR equation as sink and source functions, respectively, then the 
governing equation becomes an unsteady convection-diffusion-reaction-source (CDRS) equation, of 
which general solutions are unknown. In this study, a general 1D analytic solution of the CDRS equation 
is obtained by using a one-sided Laplace transform, by assuming constant diffusivity, velocity, and 
reactivity. This paper also provides a general formalism to derive 1D analytic solutions for Dirichlet/
Dirichlet and Dirichlet/Neumann boundary conditions. Derivations of the analytic solutions are found to 
be straightforward if a combination of the source function and the initial concentration provide a non-
zero singularity pole of inverse Laplace transform.

In models of transport phenomena, the mass-transfer rate at a given location is ascribed to diffusion, convec-
tion (or advection), reaction, and sources/sinks, which are ubiquitous in a plethora of natural and engineered 
processes. Diffusion can be described mathematically by using the transition probability describing locally hop-
ping molecules1, random fluctuating forces satisfying the dissipation-fluctuation theorem2,3, and random walk 
phenomena caused by irreversible increases in entropy4,5. Convective transport originates from the motion of 
solute-carrying fluid, as obtained from the continuity equation. A chemical reaction is depicted as a continuous 
transformation of solutes toward a chemical equilibrium in a bulk phase. Finally, source and sink functions are 
ascribed to transporting masses that are either created or annihilated at specific locations in the environment. 
Obtaining rigorous solutions of the coupled phenomena is of great importance in various scientific and engi-
neering disciplines. In past decades, analytic approaches to the coupled transport phenomena has been limited to 
coupled advection – diffusion without reactions: 1D unsteady in an open channel with spatially varying velocity 
and diffusivity6, 3D steady in a planetary layer (semi-analytic)7, and 1D unsteady with variable coefficients in 
semi – infinite media8.

A full mathematical expression of the above four mass transfer mechanisms is known as the 
convection-diffusion-reaction-source (CDRS) equation, wherein a sink can be expressed as a negative source. 
Specifically, a 1D-unsteady CDRS equation may be written as

∂
∂

=
∂
∂

−
∂
∂

− +
C
t

D C
x

V C
x

K C S x( )
(1)0

2

2 0 0

where C x t( , ) is the concentration at time t and position x, and D0 and V0 are the constant diffusion coefficient and 
convective velocity, respectively, K0 is a first-order reaction constant, and S x( ) is a source function. Because Eq. (1) 
is a parabolic partial differential equation, if Dirichlet boundary conditions (BCs) are assumed, a specific solution 

Civil and Environmental Engineering, University of Hawaii at Manoa, 2540 Dole Street Holmes 383, Honolulu, 
Hawai’i, 96822, USA. e-mail: albertsk@hawaii.edu

OPEN
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What I learned is

From Hawaii, book your air ticket
three days before your main day.
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Thank you for your attention and leave your comments at
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