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Summary

Interfacial Concentrations and Intrinsic vs. Observed Rejections

Interfacial concentration profiles for
constant-flux dead-end filtration,
obtained analytically, with various
observed rejection ratios

Ri = \/RO

e The intrinsic rejection ratio can be
estimated as a square root of the
observed rejection.

@ m

Om (T<7s)=14+2R, [T+ (T + %) erf (\/?) e \/;(""]
bm (Ts <7) = 1+ [ (5) — 1] &) exfe (BvT = 75)
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Governing Equation and Conditions

The governing equation of dead-end
filtration may be written as

oc 9 [ oC
9¢ _ 9 (p,2% 1 g, 1
a1 ay< an+‘]0) (1)

with initial and boundary conditions of

Cly,t=0) = C; (2
Cly—oot) = Cf (3
oC,
Do—" 4+ JuCin(t) = JuCp (4
0 oy + JuwCn(1) p  (4)
where C,,, = C (t,y = 0).
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Non-dimensionalization

The dimensionless governing equation is

o  9%¢ 99
E = 67772+Pe)\8f77

using
C = Cso
y = ILn
t = T

and )\ is a flow parameter, such as
@ regular dead-end flow (A = 1)
@ pressure release (A = 0)
@ backwashing flow (A = —1)

()

—_ o~~~
o N O
—_— ~— ~—

And, the Peclet number is defined and
set as, for convenience,

Pe_D—0 2 (9)

Then, the parameters are estimated

L = Dg/2Juo=0.37mm (10)
T = 4Dy/J%, =20.0min (11)

using

D = 0(107")m?/s (12
Jw = 10.0 LMH (13)
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Dimensionless Formalism

We rewrite the governing equation in a where
dimensionless form using » and 7, such bp = S =1—-R, (18)
as ) Cy
9¢ — ai‘f + 2)\@ (14) is the dimensionless permeate
or I o concentration in terms of R,, and
with the initial condition Con (1)
O (1) = —= (19)
¢(r=0m) = 1 (15) Cy
" Obm _ [0 20
and boundary conditions of o~ lon] (20)
77:

” ¢(n—o0,7) = 1 (16) are the dimensionless interfacial
™ 19X (ém —¢p) = 0 (17)  concentration and its derivative,

on repsectively.
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Solution Procedure and Analytic solution, Aimost!

The Laplace transform for ¢ (7,7) is

Lp(r,n)] = (p,n) (21)

This is it for the full concentration profile.

o o (1+VIFp)n
_ / e (rnydr (22) O T IE 2L ey
’ (24)
After many hours, we obtain the But, too difficult. Let’s find an easy
particular @ satisfying the three shortcut, i.e., the interfacial concentation
conditions: atn=0.
( 1 e_(1+V 1+p)n ( ) 1 1
®(p,n) =~ +2R, ——F—— (23 m =142R, - LT | —
) p p(VI+p—1) ém (7) p(VI+tp—1)
(25)

Ready for an inverse Laplace transform!
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Partial but Meaningful Analytic Solution

For the unsteady interfacial concentration in the constant flux mode

Om (T) = 142R, |7+ (7 +3) erf (V7) + \/;‘T} (26)

Special cases include
@ A zero rejection R, — 0

P}E—I)lo Pm (1) =1 (27)

@ The perfect rejection R, — 1

p
: _ T >
Rlillllqu (1) = (1 +27) [1+erf (V7)] +2\ﬁe (28)
@ For a large 7 > 1, the asymptotic form of ¢, appears

o :71_1>I>Ii¢m—>1+Ro(1+4T) (29)

9/24



Introduction

00
[e]e]e}

Theoretical
00e00
[e]e]e}

Results
000 000000

Concluding Remarks

Solution Components a Perfect Observed Rejection R, = 1

Gm (T)
®mo
Pm1
bz

¢m3

= ¢m0 + ¢m1 + ¢m2 + ¢m3 ii
= 1 10}
= 2R, T I
= 2R, (74 §)erf (V1)
— 2R, - \/?e—f ¢
T
which are compared with
* = lm ¢ — 1+ Ry (1+4
) lim Om — 14+ Ry (14 47) i

R OFRDNWAOOIONO®
T T T T
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Effects of the Observed Rejection Ratio
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Differences between the asymptotic and exact solutions

1fe
3 —— R=1.0
09
E —e— R,=0.8
08 e —— R =0.6
- F
§ 0.7 E Ro=0'4
I-IIJ 0.6 [£ R,=0.2
2 o5F
o o
2 E
£ 0.4 E
% 0.3 E
< TE
02 F
01f
O T 1T Y1 Y1 V1 B Y11 i A w211
107 10°% 107 1072 T 0.01 0.1 1 10
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Differences between the asymptotic and exact solutions

1 With R, from 0.2 to 1.0.
0.9 F
08
§ °7E Errors between ¢* and ¢,
I @ 15.3%at7=0.5
= 05F
E: @ 5.68%atT = 1.
£ 0.4 E
5 03E where 7 = 1 means the
02F elapsed filtration time equal to
01f the reference time, i.e.,
N e e o O S T, t =T ~ 20 min.
107 10°% 107 1072 T 0.01 0.1 1 10
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Decline of Interfacial Concentration after Pressure Release, 7 > 7

The governing equation for A = 0 is but the interfacial condition is changed
) from Robin to the Neumann BC, such
%:@ for T>7 (30) as
or  On? -
Opm
The farfield BC is kept valid o =0 (32)
M 1n=0

d(n— o0, 7>75) =1 (31) Therefore,

The analytic solution for 7 > 7, is obtained with 8 = (¢max — 1)/ R7, such as
©(7) =14 (pmax — 1) P (T=78) arfe (,3\/7' — Ts) (33)

compared with one in the pressing phase

¢m (1) =1+ 2R, [T+(T+;)erf(ﬁ)+\/§eﬂ

13/24



Introduction Theoretical Results Concluding Remarks

00 00000 [o]e]e) 000000
[e]e]e} [e] e}

Interfacial concentration growth and decline with 7,

(a) for stopping time 75, = 2 (b) for stopping time 75, = 4.

20

10 18} ®) — =100

: 16 RZ — 0.50(3

8 14 =R, = 0.25/]

7 N 12 ]
g 6 S 10
< 5 < 8
4 6
3 4

P S e . L 7 g Ot pr i —
2

1 ok
0
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Pressure-released Mode
Duration At to reach the limiting concentration ¢y,
Elapsed time regardless of R, (b) for stopping time 7, = 4.
20
102 Y 18 (b) —— R, = 1.00|
ST — -R, = 0.75|]
e e 16 R, = 0.50
-, - 14 —-=R, = 0.25|]
101 3 7 ,",/' ) 12 ]
> e S 10
<j / /¢/ 8
100 ! ,/' —— Plim = 1.25( 6
¥4 — =Pl = 1.50 4
/ Gim = 1.75 P72t B N A Pt TP N
i === im = 2.00 ok .
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15/24



Introduction Theoretical Results Concluding Remarks
00 00000 000 000000

[e]e]e} [e]e]e}

e ——
Observed vs. Intrinsic Rejection Ratios

Previous theoretical work
@ Dresner (1964) for the constant permeate flux with R, = R; = 1.0.

@ R.J. Raridon, et al.(1966) for the constant permeate flux with finite R;,
reformulated in this work

G (R 17) = (14 2R%7) [1+erf(ﬁ)}+2\/Ze_T (34)

@ As compared to our work with finite R,,

™

Om (1) =14 2R, |7+ (r+ 3) erf (V7) + \f GT] (35)
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Observed vs. Intrinsic Rejection Ratios

The difference between ¢,,, and 1, for
high rejection and large 7 (> 1):

bm —Ym ~4 (R, —R})7—0 (36)
This logically gives us a novel @ Any experimental verifications?

relationship derived purely analytically
without experiments and numerical

analysis.
Ri =~/ Ro (37)
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Observed vs. Intrinsic Rejection Ratios

1 @ Bouranene et al. (2008)’s
osl experimental observations include
. R, ~ 0.64 and R; ~ 0.82 for two
£ oo cases of removing glucose solution
%0l of 2.9¢/L and cobalt solution of
e 0.10g/L using polyamide NF
02/ membranes.
& , , , | @ Their rejection values support the
00E+00 508401 , ﬁ*‘:z) 166102 20802 theoretical approximation, such as
e i o o et () 3 e (0 st e i Ri _ 082 o5 (38)
:):‘:(izjxo:l;:i ]c(;)nlzi(;]ezr/i:[i;l;e fluid density equals 1, 7=0.89 x 103 Pas and \/FO \/m - °
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@ This work developed a complete analytic solution for the interfacial
concentration as a function of filtration time = and observed rejection ratio R,.

(1,0 =0) = (1) =142R, [T+ (T+3)erf (V7)+ \/ZQ_T]

© A specific relationship between the observed rejection and intrinsic rejection
is mathematically derived and experimentally (indirectly) verified.

Ri = Ro

© A full solution of ¢(r,n) is coming for the constant-flux dead-end filtration. For
the constant-pressure operation, only series analytic solutions can be

available.
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Other Analytical Work
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Other Analytical Work
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Complete analytic solutions for
convection-diffusion-reaction-
source equations without using an
inverse Laplace transform

AlbertS. Kim
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What | learned is

From Hawaii, book your air ticket
three days before your main day.
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Thank you for your attention and leave your comments at
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